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n 2 N a1, . . . , an 2 K

n

K n 1
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u : X ⇥X ! T

a, b, c 2 X t 2 T

(u1) u(a, b) = 1 () a = b

(u2) u(a, b) = u(b, a)
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✓
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f 2 K[x] c 2 K fc(x) := f(x+ c)

c 2 K f, g 2 K[x]

v(fc � gc) � v(f � g) + min{0, deg(f � g)vc}.

f g n

v(fc � gc) � v(f � g) + min{0, (n� 1)vc}.

h(x) := f(x)� g(x) r := deg h

v(fc � gc) = vh(x+ c) = v
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i=0 bix
i = bm
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9
=
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" 2 vK � 2 vK

g v(f�g) > � deg g = deg f
↵ f � g v(↵� �) � "

" > kras(f), � g

" �

v(↵ � �) � " "

K = Q 2 v Q
Q[x]

f(x) = g(x) = (x� 1)(x+ 1).

" = kras(f) = 1 v(f � g) > � � 2 vK

↵ := 1 f �1 := 1 �2 := �1 g

v(↵� �1) � " v(↵� �2) � ".

f g

f 2 K[x]

�(f) := min
1in

v↵i, �
⇤(f) := min{�(f), 0}.

kras(f) = {v(↵� ↵
0) | ↵ 6= ↵

0
f}

f kras(f) = v↵ f ↵

f, g 2 K[x]

" :=
v(f � g)

n
+ �

⇤(f).

" > 0

deg g = deg f

� g ↵ f v(↵� �) � "

↵ f � g v(↵� �) � "



�
⇤(f) = �

⇤(g) " > �(f) �(f) = �(g)

f " > kras(f)

↵ (b) � (c)

g

↵ f B"(↵)
f g

kras(f) = kras(g)

f g " > 0

v(f � g) = n"� n�
⇤(f) > �n�

⇤(f) � 0.

deg g 6= deg f g � f v(f �

g)  0 deg g = deg f

� g

v(↵i � �) < " i

vf(�) =
nX

i=1

v(� � ↵i) < n".

v� � 0 i = 0 f � g

n"  n"� n�
⇤(f) = v(f � g)  v(f(�)� g(�)) = vf(�),

v� < 0 vf(�) �
v(f � g) + nv�

n"� n�
⇤(f) = v(f � g)  vf(�)� nv� < n"� nv�.

v� < �
⇤(f) i

v� < v↵i v(� � ↵i) = v�.

vf(�) =
nX

i=1

v(� � ↵i) = nv�.



v(f � g)  vf(�)� nv� = 0,

↵ f

� g v(↵� �) > " ↵

f � g v(↵� �) < "

vg(↵) =
nX

j=1

v(↵� �) < n".

v↵ � 0 i = 0 f � g

n"  v(f�g)  v(f(↵)�g(↵)) = vg(↵)

v↵ < 0 vg(↵)� nv↵ � v(f � g)

n"� n�
⇤(f) = v(f � g)  vg(↵)� nv↵ < n"� nv↵,

v↵ < �
⇤(f)  �(f) = mini v↵i  v↵

" > �(f) k, `

v↵` = �(f) v�k = �(g) � g

v(↵` � �) � " > �(f) = v↵`.

�(f) = v↵` = v� � �(g) ↵ f

v(↵� �k) � " " > �(f) v↵ � �(f)

�(g) = v�k � min{v(↵� �k), v↵} � �(f).

�(f) = �(g)

�
⇤(f) = �

⇤(g) " > �(f)
�(f) = �(g) "  �(f)

�(f) > 0 �k

↵ f v(↵ � �k) � " > 0 v↵ � �(f) > 0
�(g) = v�k > 0 �

⇤(f) = 0 = �
⇤(g)

f " > kras(f)
� g ↵ f v(� � ↵) � "

i 6= j v(� � ↵i) � " v(� � ↵j) � "

v(↵i � ↵j) � " > kras(f) = maxi 6=j v(↵i � ↵j)
↵



B"(↵i) 1  i  deg f
deg f B"(↵i)

g deg f = deg g g

�k �` g ↵i ↵j

f �k 2 B"(↵i) �` 2 B"(↵j) v(↵i � �k) � " >

v(↵i � ↵j) v(↵j � �`) � " > v(↵i � ↵j)

v(�k � �`) = min{v(↵i � �k), v(↵j � �`), v(↵i � ↵j)} = v(↵i � ↵j).

v(�k��`) v(↵i�↵j)
↵i ↵j �k �`

v(↵i�↵j) v(�k��`)
kras(f) = kras(g)

" > 0 g

v(f � g) > � := n"� n�
⇤(f),

↵ f 2 K[x] v↵ � vf

�
⇤(f) � vf

f vf  0
v↵ � 0 v↵ < 0 f an = 1

nv↵ = v(↵n) = v
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0i<n

ai↵
i

!
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0i<n
{vai + iv↵},
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0i<n

{vai + (i+ 1� n)v↵} � min
0i<n

vai � vf.



�
⇤(f) vf

"

f vf

�
⇤(f)

NPf

f, g 2 K[x] n � 1
f ↵ f vg(↵) � v(f � g) + nvf

f(x), g(x) m = n ↵ f

i = 0
vf  0 vg(↵) � v(f � g)+min{0, nv↵} � v(f � g)+nvf

g

f, g 2 K[x] n � 1
f ↵ f g v(f � g) > 0

� g

v(� � ↵) � vf +
v(f � g)

n
.

f g m = n vbn = 0
g v(f � g) > 0

0 < v(f � g) = min
i
{v(ai � bi)}  v(1� bn),

vbn = 0 � g

v(� � ↵) < vf +
v(f � g)

n
.

vbn = 0

vg(↵) =
nX

i=1

v(�i � ↵)  n · max
1in

v(�i � ↵) < nvf + v(f � g),



f 2 K[x] " > 0 g 2 K[x]
n

v(f � g) � n"� nvf + (n+ 1)van,

f

" > kras(f)

v(a�1
n f � a

�1
n g) � n"� nv(a�1

n f).

ĝ := a
�1
n g f̂ := a

�1
n f

g f

v(f̂ � ĝ) � n"� nvf̂ � n" > 0.

↵ f̂ �

ĝ

v(↵� �) � vf̂ +
v(f̂ � ĝ)

n
� vf̂ + "� vf̂ = ".

v(1�a
�1
n bn) � v(f̂� ĝ) > 0 v(a�1

n bn) = 0
van = vbn v(f � g) > van

vf  van vf = vg b
�1
n f

b
�1
n g

v(b�1
n f � b

�1
n g) � n"� nv(b�1

n g).



(I,) i, j 2 I

k 2 I k � i k � j J ✓ I I

i 2 I j 2 J j � i

I1 I2 I2

I3 I1 I3

X ' : I ! X I

(xi)i2I Y ✓ X (xi)i2I Y

i0 2 I xi 2 Y i 2 I i � i0

X x 2 X

(xi)i2I Ux x (xi)i2I
Ux (xi)i2I ! x

(xi)i2I x

I J (xj)j2J
(xi)i2I J I

I I = I1[ . . .[ In

k 2 {1, . . . , n} Ik I

(xi)i2I (xi)i2Ik

I

Ik I

k 2 {1, . . . , n} jk jk > Ik I

j 2 I j � jk k j > Ik k

j > I

v

X (xi)i2I ! x r 2 vX

i0 2 I v(xi � x) > r i 2 I i � i0

(K, v) (I,)
(fi)i2I K[x] n

f 2 K[x] (fi)i2I v

i 2 I �i fi ↵ f

J ✓ I (�j)j2J ! ↵



(fi)i2I �i 2
eK f 2 K[x]

(fi)i2I ! f I0 := {i 2 I | v(fi � f) > 0} I

J I0 J I

v(fi � f) > 0
i 2 I f n

n v(fi � f) > 0
vf = vfi i 2 I

↵1, . . . ,↵n 2 eK f

k 2 {1, . . . , n}

J(↵k) :=

⇢
i 2 I | v(↵k � �i) �

v(f � fi)

n
+ vf

�
.

i 2 I k 2 {1, . . . , n}
i 2 J(↵k)

I = J(↵1) [ . . . [ J(↵n).

↵ f J(↵) I

J := J(↵) (fj)j2J f r 2 vK

j0 2 J v(f � fj) > r j 2 J j � j0

" 2 vK v(↵ � �j) > "

j1 � j0 v(f � fj) � n"� nvf

j 2 J j � j1 j 2 J j � j1

v(↵� �j) �
v(f � fj)

n
+ vf �

n"� nvf

n
+ vf = ".

(fi)i2N K[x]
n (fi)i2N �! f 2 K[x] i 2 N �i

fi (�i)i2N
f

�i

I := N
fi(x) = f(x) = (x � ↵1)(x � ↵2) ↵1 6= ↵2 �i = ↵1 i

�i = ↵2 i (�i)i2I 6! ↵1 (�i)i2I 6! ↵2



(fi)i2I ! f �i

fi ↵ f

↵ f

(�i)i2I

(I,) (fi)i2I
K[x] n f 2 K[x]

↵ f (�i)i2I eK �i

fi i 2 I (�i)i2I ! ↵

i 2 I �i fi

v(↵� �i) � v(↵� �
0
i)

�
0
i fi " 2 vK i0 2 I

i 2 I i � i0

v(f � fi) > n"� n�
⇤(f).

�
0
i fi v(↵� �

0
i) � " �i

v(↵� �i) � ",

(�i)i2I ! ↵

(fi)i2I ! f

↵ f t " � kras(f) i0 2 I

i � i0 fi t

B
�
" (↵)

v(f � g)

f1 := f g1 := g



↵1 f �1 g

v(↵1 � �1) > "

f2 :=
f1

x� ↵1
g2 :=

g1

x� �1

f, g 2 K[x] f ↵ f

v(f � g) > 0 � g

v(↵� �) � vf +
v(f � g)

n
.

v

✓
f(x)

x� ↵
�

g(x)

x� �

◆
� 2vf +

v(f � g)

n
.

(x � ↵)(x � �) v((x � ↵)(x � �))  0

v

✓
f(x)

x� ↵
�

g(x)

x� �

◆
= v(f(x)(x� �)� g(x)(x� ↵))� v((x� ↵)(x� �))

� v(f(x)(x� �)� g(x)(x� ↵))

� min
�
v ((f(x)� g(x))x) , v (f(x)� � g(x)↵)

 

= min
�
v(f � g), v (f(x)� � g(x)↵)

 
.

v(f(x)�� g(x)↵)
vf  0 vf  v↵ f

v (f(x)� � g(x)↵) = v (f(x)(� � ↵) + (f(x)� g(x))↵)

� min
�
vf + v(� � ↵), v(f � g) + v↵

 

� min

⇢
2vf +

v(f � g)

n
, v(f � g) + vf

�

= 2vf +
v(f � g)

n
.

v

✓
f(x)

x� ↵
�

g(x)

x� �

◆
� min

⇢
v(f � g), 2vf +

v(f � g)

n

�
= 2vf +

v(f � g)

n
.



f, g " > 0

v(f � g) > n! "� (n+ 1)! (vf � van) + van.

g v(↵i � �i) � "

1  i  n

f

a
�1
n f

v(a�1
n f � a

�1
n g) > n!"� (n+ 1)!(va�1

n f).

f a
�1
n f g a

�1
n g

f van = 0 vf  0
n f

1 f1 := f g1 := g ↵1 f

�1 g

v(↵1 � �1) � vf1 +
v(f1 � g1)

n
> vf1 +

n! "� (n+ 1)! vf1
n

= vf + (n� 1)! "� (n+ 1)(n� 1)! vf

= (n� 1)! "� n! vf � ((n� 1)! � 1)vf � ",

n� 1 � 1 vf1 = vf  0
i < n 1  j  i

↵j, �j v(↵j � �j) � " fj, gj

deg fj = deg gj = n� j + 1,

vfj � vf

v(fj � gj) � (n� j + 1)! "� (n� j + 2)! vf.

fi+1 :=
fi

x� ↵i
gi+1 :=

gi

x� �i
.

deg fi+1 = deg gi+1 = n� (i+ 1) + 1

vfi+1 � vfi � vf v(x� ↵i)  0

v(fi+1 � gi+1) � 2vfi +
v(fi � gi)

n� i+ 1

� 2vf +
(n� i+ 1)! "� (n� i+ 2)! vf

n� i+ 1
= 2vf + (n� i)! "� (n� i+ 2)(n� i)! vf

= (n� i)! "� (n� i+ 1)! vf � ((n� i)! � 2)vf.



i+ 1 < n

((n� i)! � 2) � 0

j = i+ 1 i+ 1 = n

�(n� i+ 1)!� ((n� i)!� 2) = �1,

v(fn � gn) � "� vf.

i+1 < n deg fi+1 = deg gi+1 > 1
↵i+1 fi+1

�i+1 gi+1

v(↵i+1 � �i+1) � vfi+1 +
v(fi+1 � gi+1)

n� i

� vf + (n� i� 1)! "� (n� i+ 1)(n� i� 1)! vf � ",

n� i� 1 � 1
i + 1 = n fi+1 gi+1

x�↵ bn(x��) ↵n := ↵

�n gn

�

v(↵n � �n) � vfn + v(fn � gn) � ".





(�0,+) I

I �0

�0 � := Hi2IR
�0

� � �0 �
R

Q �0

R⇥�
Q⇥f�0

p1, p2 2 N0 ⇥ � pi = (ki, �i) i = 1, 2
k1 6= k2 p1 p2

L(p1, p2) := {(x, �) 2 R⇥ � | (k2 � k1)(� � �1) = (�2 � �1)(x� k1)}.

L(p1, p2) = L(p2, p1) k1 6= k2

` : R ! �

`(x) =

✓
�2 � �1

k2 � k1

◆
x+

✓
�1 +

�1 � �2

k2 � k1
k1

◆
.

L(p1, p2) = {(x, `(x)) 2 R⇥ � | x 2 R}.



L(p1, p2) `

s(`) :=
�2 � �1

k2 � k1
.

k1 < k2 p1 p2

[p1, p2] := [p2, p1] := {(x, `(x)) 2 R⇥ � | k1  x  k2}.

[p1, p2] L(p1, p2)
s[p1, p2]

A

pi := (ki, �i) 2 N0 ⇥ � 1  i  r ki < ki+1 1 < i < r

�(A) ✓ A

i1 := 1 �1(A) := {pi1} r = 1
�(A) := �1(A)

�1(A), . . . ,�j(A)
i1, . . . , ij ij < r

ij+1 := max{ij < i  r | s[pij , pi]  s[pij , pj] j 2 {ij + 1, . . . , r}}.

pi ij < i  r

[pij , pi] pij+1

�j+1(A) := �j(A)[{pij+1}

ij+1 < r

A is = r s 2 N
�(A) := �s(A) = {pi1 , . . . , pis}

`j : R ! �
pij pij+1 1  j < s `j(kij+1) = `j+1(kij+1)

1 �
NPA : R ! � [ {1}

NPA(x) :=

8
><

>:

1, x < k1

`j(x), kij  x  kij+1 1  j < s,

1, x > kr.

A

G(NPA, [k1, kr]) := {(x,NPA(x)) 2 R⇥ � | k1  x  kr}.



�1, . . . , �t

x1 < . . . < xt+1 2 R �j(xj+1) = �j+1(xj+1) 1  j < t

f

f(x) = �j(x) xj  x  xj+1 1  j  t,

f [x1, xt+1] f

f NPA

[k1, kr] NPA

A

(a) s[pij , pij+1 ] 1  j < s

(b) A G(NPA, [k1, kr]) �i � NPA(ki)
i 2 {1, . . . , r}

(c) �(A) B ✓ A NPA =
NPB

I ✓ R f : I ! � f

I q, q
0
2 G(f, I) (x, �) 2 [q, q0]

� � f(x)

NPA [k1, kr]

q q
0 [pij , pij+1 ] [q, q0]

y y
0

q q
0

y < y
0

�

q q
0

q 2 [pil , pil+1
] q

0
2 [pim , pim+1 ] l,m

1  l < m  r l l + 1 m m� 1
q 6= pil+1

q
0
6= pim

l < m q q
0

s(`l) < s(�) < s(`m)
l0 {l, . . . ,m} s(`l0)  s(�)

l0 + 1 {l, . . . ,m} s(`l0+1) > s(�)



(x, �(x)) 2 [q, q0] x 6= q

x 6= q
0

�(x) � NPA(x)
y < x  kil0+1

y < x  kil+1

l0 = l

�(x) = �(y) + (x� y)s(�) � �(y) + (x� y)s(`l) = NPA(x).

kil+1
< x  kil0+1

l0 > l

z := max{j 2 {l + 1, . . . , l0} | kij < x}.

�(x) = �(y) + (x� y)s(�)

� �(y) + (x� y)s(`l0)

� �(y) + (kil+1
� y)s(`l) +

 
z�1X

j=l+1

(kij+1 � kij)s(`j)

!
+ (x� kiz)s(`z)

= NPA(x),

(y, �(y)) NPA

�(x) � NPA(x) kil0+1
<

x  y
0

x � kim

�(x) = �(y0) + (x� y
0)s(�) � �(y0) + (x� y

0)s(`m) = NPA(x).

kil0+1
< x < kim l0 + 1 < m

z := min{j 2 {l0 + 2, . . . ,m} | kij > x}.

�(x) = �(y0) + (x� y
0)s(�)

� �(y0) + (x� y
0)s(`l0+1)

� �(y0) + (kim � y
0)s(`m)

+

 
m�1X

j=z

(kij � kij+1)s(`j)

!
+ (x� kiz)s(`z�1)

= NPA(x),



pi1 , . . . , pis 2 �(A) ki1 > 0

p0 := (k0, �0) := (0,1) 2 R⇥ (� [ {1}).

NPA p0, pi1 , . . . , pis ki1 > 0
�(A) NPA [pij , pij+1 ]

[p0, pi1 ] := {(ki1 , �) 2 R⇥ � | � � �i1}.

[pij , pij+1 ] [pij , pij+1 ]
[p0, pi1 ] �1 �1

�

�1 =
�i1 �1

ki1 � 0

i, j 2 {0, i1, . . . , is} i < j [pi, pj] kj � ki

p0

A

f f

f f f

(x, f(x)) f x

f I

[(xi, f(xi)), (xi+1, f(xi+1))] 1  i  t f xi < xi+1

1  i < t i

f

A

NPA

[k1, kr] A

f : [k1, kr] ! �
f(y)  NPA(y) y 2 [k1, kr]

f A f = NPA

[k1, kr]



f(y) > NPA(y) y 2 [k1, kr]
(y, f(y)) [pij , pij+1 ] pij

pij+1 f �ij � f(kij) �ij+1 � f(kij+1)
(y, f(y))

[(kij , f(kij)), (kij+1 , f(kij+1))],

f

f

(x, f(x)) f f(x) = NPA(x)
A NPA

f(x)  NPA(x)
y 2 [k1, kr] f(y) � NPA(y)

f(y) = NPA(y)
(y, f(y)) f [p, p0] f

(y, f(y)) p p
0

f p p
0

NPA p, p
0
2 A

A NPA p p
0

NPA NPA (y, f(y))
NPA f(y) � NPA(y)

(K, v) �
vK

1

�

1 = 1+1 = � +1 = 1+ � � 2 �.

�1

� r 2 R \ {0}

r1 :=

(
1, r > 0

�1, r < 0,
r(�1) :=

(
�1, r > 0

1, r < 0.

v K[x]



f 2 K[x] an = 1

an�k = sk(↵1, . . . ,↵n) := (�1)k
X

1i1<...<ikn

↵i1 · . . . · ↵ik.

f 2 K[x]

↵i f

v↵1  v↵2  . . .  v↵n.

�1, . . . , �s f �i < �i+1

1  i < s �0 vK

�0 < �1 ki 2 N0 f

�i ji 2 N0 f

�i 0  i  s

0 = j0 < j1 < . . . < js�1 < js = n.

v↵j`�1+1 = v↵j = v↵j` = �`

1  `  s j`�1 < j  j`

k` = n� j`

0 = ks < ks�1 < . . . < k1 < k0 = n.

�`

m` := j` � j`�1 = k`�1 � k`.

sj`(↵1, . . . ,↵n) j` f

v↵j` < v↵j`+1 ` < s

jỲ

i=1

↵i.

vak` = vsj`(↵1, . . . ,↵n) = v

Y

1ij`

↵i =
X

1ij`

v↵i.



vak` � vak`�1
=

jX̀

j=j`�1+1

v↵j = m`�`,

�` =
vak` � vak`�1

j` � j`�1
= �

vak`�1
� vak`

k`�1 � k`
.

vaks = 1 vaks�1 < 1

�s = 1

R ⇥ (� [ {1})
(k`, vak`) (k`�1, vak`�1

) ��`

f

k`

f

0 < `  s ��`

(k`, vak`) (k`�1, vak`�1
)

��`�1

[0, n] 0 f [k1, n] 0
f

(k, vak)
k` < k < k`�1

j`�1 = n� k`�1 < n� k < n� k` = j`.

sn�k(↵1, . . . ,↵n)Qj`�1

i=1 ↵i n � k � j`�1 �`

vak � vak`�1
+ (n� k � j`�1)�`

= vak` + (k`�1 � k`)(��`) + (k � k`�1)(��`)

= vak` + (k � k`)(��`).

(k, vak)
(k`, vak`) (k`�1, vak`�1

) vak`�1
6= 1 vak = 1

f an

van

n

(i, vai) 0  i  n

A := {(i, vai) | 1  i  n ^ ai 6= 0}.



(c)

NPA = NP�(A) : R ! � [ {1}.

�(A) NPA

�(A) = {(k`, vak`) | 1  `  s ^ ak` 6= 0}.

NPf G(NPf )
R⇥ � NPf R f

(k`, vak`) = (k`,NPf (k`)) 2 R ⇥ (� [ {1}) 0  `  s

NPf

0 < `  s k`�1 � k`

f 2 K[x]
f k �� f k

�

v(↵i) = NPf (n� i)� NPf (n� i+ 1),

1�1 := 1

Q(
p
2) 2 v

f(x) = x
7 +

x
6

2
+

x
5

4
+

x
4

4
p
2
+

x
3

2
+

x
2

4
p
2
+

x

4
.

f

�1

k0k1k2k3k4k5

(1, va1)
(2, va2)

(3, va3)

(4, va4)
(5, va5)

(6, va6)

(7, va7)



NPf

(ki, vaki) NPf (k)
1 0  k < 1 k > 7 NPf

[1, 7]
f

v↵7 = NPf (0)� NPf (1) = 1� (�2) = 1 = �5

v↵6 = NPf (1)� NPf (2) = �2� (�21
2) =

1
2 = �4

v↵5 = NPf (3)� NPf (2) = 0 = �3

v↵4 = NPf (4)� NPf (3) = 0 = �3

v↵3 = NPf (5)� NPf (4) = �
1
2 = �2

v↵2 = NPf (6)� NPf (5) = �1 = �1

v↵1 = NPf (7)� NPf (6) = �1 = �1

f 2 K[x] v↵i 

v↵i+1 1  i < n

(a) f f 2 OK [x] f

(b) al0

al1 f

l0 l1 � l0 0 n� l1

(c) l0 l1 (b) l0  l  l1

val � van =
n�lX

i=1

v↵i,

va0 � val =
nX

i=n�l+1

v↵i.



(d) l 2 {1, . . . , n}

� max
1in

van � van�i

i
 v↵l  � min

1in

vai � va0

i
,

f

(e) ↵l v↵l 6= v↵i i 6= l v↵l 2 vK

t f v↵l vK t

v↵l 2 vK

(a) f n

NPf (n) = 0
f NPf

NPf (i) � 0 0  i  n f

NPf f

f

NPf NPf (n) = 0
NPf (i) < 0 i 2 {0, . . . , n � 1}

f

(a)
(b)

l0 [l0, l1]
l1

l = l0 (c)

al NPA

va0 � val = NPf (0)� NPf (l) =
lX

i=1

(NPf (i� 1)� NPf (i)) =
nX

i=n�l+1

↵i.

NPf

NPf

vaks�1 � va0

ks�1
= min

1in

vai � va0

i
.

f

� min
1in

vai � va0

i
.



NPf

van � vak1

n� k1
= max

1in

van � van�i

i
.

ak1 NPf

NPf f

� max
1in

van � van�i

i
.

(d)
(e)

v↵l t i 2 {0, . . . , s}

v↵l =
vaki+1 � vaki

t
2 vK.



(K, v) f 2 K[x]
NPf �

t f t

��

k` �`

f 2 K[x]

f g f

m � n " � 0 v(f � g) > n"

{` 2 {1 . . . , s} | �`  "}

`" NPf (k) = NPg(k)
k 2 {k`" , . . . , n}



` 2 {0, . . . , `"}

vak` =
X

1ij`

v↵i  j`"�`"  n ·max{0, �`"}  n".

v(ak` � bk`) � v(f � g) > n" vak` = vbk` NPf

k`  k  n NPf (k)  max{vak` , van}  n"

(k, vak) vak �

NPf (k) vbk � min{vak, v(ak � bk)} � min{NPf (k), n"} = NPf (k)
(k, vbk) NPf

(k`, vbk`) NPg k = k`" k = n

NPf (k) = NPg(k)

f g

f g

f, g f v(f � g) > 0
NPg(n) = NPf (n) = 0

�1  0 f g

" = 0 NPg(n) = NPf (n) = 0 �1 > 0 f

vak � 0 k 2 {0, . . . , n}
v(bk � ak) � v(f � g) > 0 vbk � 0

k 2 {0, . . . ,m}

0 = NPf (n) = van = vbn � NPg(n).

(i, vbi) (j, vbj)
NPg (n,NPg(n))

NPg(n) � min{vbi, vbj} � 0.

NPg(n) = 0

NPg

(n,NPg(n)) �1 �1 � 0
(j, vbj) = (n, vbn) NPg



(j, vbj) = (n, vbn) (n, vbn)

(j, vbj)

(i, vbi)

(i, vbi)

(i, vbi) (j, vbj) = (n, vbn)

f g

NPg k`"

�" (k`" , vbk`" ) NPg

NPf (k) = NPg(k) k 2 {k`" , . . . , n}

k`" ��`"

�" 

��`" (k`" ,NPg(k`")) NPg

(k`" , vbk`" )
NPg

k`" �" (k, vbk)
0  k < k`"

f

g

(k`" , vak`" ) �"

k0k`"

k ��`"

�"

��`"+1

(n, 0)

(k, vbk)

(k,NPf (k))

(k, vak)

vbk 

`"X

i=1

(ki�1�ki)�i+(k`"�k)" 
`"X

i=1

(ki�1�ki)"+(k`"�k)" = (n�k)"  n".



NPg

k`" �"

NPf �" NPg(k`") = NPf (k`")

vbk = NPg(k) < NPf (k)  vak.

vbk = v(ak � bk) � v(f � g) > n",

f g f

m � n " � 0 v(f � g) > n" " � (1 � m
n )�1

NPg [n,m] ��1

NPf NPg

[k, n] k < n (n, vbn) NPg

m > n

NPg(n) = 0 vbi > 0 n < i  m NPg

[n,m]
�1 � 0 ��1

n

�1 < 0 " � (1 � m
n )�1

i 2 {n+ 1, . . . ,m} (i, vbi)
(n,NPg(n)) ��1

NPg

i > n

(n,NPg(n)) (i, vbi) ��1

vbi > NPg(n)� (i� n)�1.



f gj

vbi > (n�i)�1
g �1

f vbi > (n� i)�1 vbi > (n�m)�1
vbi i

y
(i)
=
(n
�
i)�

1
y = (n�m)�1

mn

NPg(n)  vbn = 0

vbi � v(f � g) > n" � (n�m)�1 � (n� i)�1 � NPg(n)� (i� n)�1.

v K

a 2 K � 2 vK

� a

B
�
�(a) := {b 2 K | v(a� b) > �}.

S�(a) := {b 2 K | v(a� b) = �}

� a

nb(f, �, a) ns(f, �, a) f

B
�
�(a) S�(a)

a = 0
nb(f, �) := nb(f, �, 0) ns(f, �) := ns(f, �, 0) ns(f, �)

f � nb(f, �) f

�

f g



ns(g, �) = ns(f, �) �1 < � < " � = "

ns(g, �1) � ns(f, �1) (n, vbn)
NPg

nb(g, �) = nb(f, �) �1  �  " nb(g, �) � nb(f, �) � < �1

k`" = nb(f, �`") = nb(g, �`") = nb(g, ") = nb(f, ")
�
0
`0"

g �`" f

�
0
`0"
= �`"

g m� k1  �1

g m� n < �1 (n, vbn)
NPg

NPf (k) = NPg(k) k 2 {k`" , . . . , n}

[k`" , k1] NPg

NPf

NPg NPf [0, k`" ]
�"  ��`" NPg NPf

k`" ��`"

NPg ��1 [k1, k0] n 

k
0
 m NPf ��1

[k1, n]
k
0 = n

(n, vbn) NPg

k
0 NPg [k0

,m]
��1

�1 < �  "

�1 = � = " � 0 �1  "

" � (1� m
n )�1 k

0 = n

k
0

nb(f, ") = nb(g, ")
�1  � < " nb(f, �) = nb(f, ") +

P
i2I ns(f, �i)

I = {2  i  k`" | � < �i}



ns(f, �i) = ns(g, �i) i 2 I ns(g, �) = 0
� �1 < �  " � �i i 2 I

nb(g, �) = nb(g, ") +
X

i2I

ns(g, �i) = nb(f, ") +
X

i2I

ns(f, �i) = nb(f, �).

� < �1 nb(f, �) = n  nb(g, �)

i vai = vbi

vai, vbi � n"

f g

f g

ns(g, �) = ns(f, �) � �1  �  "

(n, vbn) NPg m = n

" � (1�m
n )�1 m = n ns(g, �) = ns(f, �)

�  "

" � (1 �
m
n )�1

m = n " � 0
" m = n ns(g, �) =

ns(f, �) = 0 � < �1

f g "

f t ↵ ↵ f

t

2
c 2 K x 7! x � c

f fc

B
�
�(c) B

�
�(0) nb(f, �, c) = nb(fc, �, 0)

" > 0 c 2 K f, g 2 K[x]
n

v(f � g) > n"�min{0, (n� 1)vc},

nb(f, ", c) = nb(g, ", c)



nb(f, ", c) = nb(fc, ", 0) nb(g, ", c) = nb(gc, ", 0).

v(fc � gc) � v(f � g) + min{0, (n� 1)vc} > n".

nb(fc, ", 0) = nb(gc, ", 0) nb(f, ", c) =
nb(g, ", c)

" � 0
" � (1� m

n )�1 �1 � 0 �1 < 0

f �1 � vf

(1� m
n )vf � (1� m

n )�1
" � (1� m

n )vf
�1 < 0 "

g

m Q 2
v f(x) = 1+ 1

2x+
1
2x

2+x
3

j � 1
gj(x) = f(x)+ 2jxj+3

f

gj 1 1 f j + 1 gj

f �1 = �1 gj j +1
�1 v(f �gj) = j " 2 vQ = Z

j v(f � gj) > n" f gj

�1

f gj

(j + 3, j)



f n

�i g

m � n v(f � g) > 0
v(f � g) n�i ns(g, �i) � ns(f, �i)

ns(g, �i) 0 < v(f � g) < n�i

v(f � g) n�i f

g

v(f � g)  n�i

v(f � g) n�i

gj v(f � gj) = n�i ↵

f �j gj {|v↵ � v�j| | j � 1} vK̃

Q 2 v

v Q(
p
2) f(x) = x

2
� 2 f �1 = 1

2
gj(x) = x

2
� 22j j

v(f � gj) = 1 = 2�1 gj j

f gj j = 1, 2

(0, 1)

(0, 2)

(0, 4)

(2, 0)

↵ 2 K
sep

\K

krasK(↵) = max{v(↵� �↵) | � 2 GalK ^ �↵ 6= ↵}.



↵ f 2 K[x] kras(f) �
krasK(↵)

(K, v)
↵ 2 K

sep
� 2 K

sep
\ K v(↵ � �) >

krasK(↵) ↵ 2 K(�)

↵k f tk

(K, v) f, g 2 K[x]
f m � n " � max{0, kras(f)}

v(f � g) > n"� deg(f � g)�⇤(f).

k 2 {1, . . . , n}
v(↵k � �k) > tk"

(K, v) f g

k K(↵k) ✓ K(�k)

↵ f f↵(x) := f(x+↵) g↵(x) := g(x+↵)
a
0
i b

0
i f↵ g↵

f↵ g↵

↵ f t � 1 0 f↵

t 0  i  t� 1 NPf↵(i) = va
0
i = 1

8
>><

>>:

NPf↵(t) = va
0
t = v(sn�t(↵1 � ↵, . . . ,↵n � ↵))

= v

⇣P
i1<i2<...<in�t

(↵i1 � ↵) · . . . · (↵in�t � ↵)
⌘

= v

⇣Q
j2J(↵j � ↵)

⌘
=
P

j2J v(↵� ↵j)  (n� t)",

J ⇢ {1, . . . , n} n � t j ↵j 6= ↵

v(f↵ � g↵) � v(f � g) + min{0, deg(f � g)v↵}

� v(f � g) + deg(f � g)�⇤(f) > n".



0  i  t� 1

NPg↵(i) = vb
0
i = v(b0i � a

0
i) � v(f↵ � g↵) > n".

f

f↵ g↵ "

�s = 1 > " f

" � kras(f) " � �s�1 `" = s� 1
0 f↵ t k`" = t

NPf↵(i) = NPg↵(i) t  i  n.

g

v(�1 � ↵) � v(�2 � ↵) � . . . � v(�m � ↵).

�1 � ↵, . . . , �t � ↵ t g↵

g↵

NPg↵

v(�t � ↵) = NPg↵(t� 1)� NPg↵(t).

i = t

NPg↵(t) = NPf↵(t)  (n� t)".

i = t� 1 NPg↵(t� 1) > n"

v(�t � ↵) = NPg↵(t� 1)� NPg↵(t) > n"� (n� t)" = t".

v(�i � ↵) > t" 1  i  t

J = {j 2 {1, . . . , n} | ↵j = ↵} t

�1, . . . , �t J

↵j j 2 J v(�j � ↵j) > " j 2 J

↵j j 2 J

�j ↵ := ↵l

l /2 J �l �j j 2 J

�l = �j j 2 J " � kras(f)

v(↵j � ↵) � min{v(↵j � �j), v(↵� �j)} > " � v(↵j � ↵).

↵ f t

t g



g ↵

g v(↵k � �k) > "

{n + 1, . . . ,m} g

f

f NPf↵(i) = 1 i < n

NPf↵(n) = 0 i = t�1 = n�1 NPg↵(n�1) > n"

v(b0n�a
0
n) � v(f↵� g↵) > 0 NPg↵(n) = vb

0
n =

0 1, . . . , n g

v(�n � ↵k) = NPg↵(n� 1)� NPg↵(n) > n".

f

g v(↵k � �k) > " � kras(f)
f

v(↵k � �k) > " � krasK(↵k)
K(↵k) ✓ K(�k) k

> �

� > "

NPf↵(t) < (n� t)"

n > t f

v(f↵ � g↵) � n".

NPg↵(t � 1) � n" " > kras(f)
" > �s�1 "

0 := �s�1

" f

v(f↵ � g↵) � n" > n"
0
.

NPf↵(i) = NPg↵(i) t  i  n.

�s�1

t = n



g

v(�t � ↵) = NPg↵(t� 1)� NPg↵(t).

f NPf↵(t) < (n� t)"

NPg↵(t) = NPf↵(t) < (n� t)".

f

f

v(�t � ↵) = NPg↵(t� 1)� NPg↵(t) > n"� (n� t)" = t".

" > kras(f)
↵ f

t t g

g ↵

f

f

↵k f n �k

g

v(↵k � �k) = NPg↵(n� 1)� NPg↵(n) � n".

"

↵k f �k

g

v(↵k � �k) � tk".

�k ↵l 6= ↵k

f

B
�
" (↵k) tk

g f

t � ↵
" � kras(f) " > kras(f)

�



f, g 2 K[x] f

m � n " � max{0, kras(f)}

v(f � g) > n"� deg(f � g)�⇤(f).

v↵k > �(f) tk g

B
�
" (↵k)

" � (1� m
n )�(f) ↵k

v↵k = �(f) n < k  m v�k < �(f)

f

g v(↵k � �k) > tk" � " B
�
" (↵k)

tk g

B
�
" (↵k) \ B

�
" (↵j) = ; ↵k 6= ↵j

NPf �i f

�s " � kras(f)
" � �s�1 � �1 = �(f) f

" � �s = �1 = �(f) f

" � (1 � m
n )�(f)

↵k f v↵k � �1 v(↵k � �k) > " � �1

v�k � �1

�i i 2 {n + 1, . . . ,m} �1

n g

f

B"(↵k) tk g

↵k f v↵k > �1

" � (1�m
n )�1 �1 � 0 �1 < 0 v(↵k��k) �

" � 0 v�k > �1 " � �1

NPg NPf

NPf ��1 [k1, n]
k1 NPg ��1

f g

�1

B"(↵k) tk g

f �(f) f

k1 6= 0
NPg (k1, vak1) ��1

(i0, vbi0) i0 < k1 NPg

NPg ��1

vbi0 < NPf (i0)  vai0 .



�1 < 0 van = vbn = 0 vbi0 < 0

0 > vbi0 = v(bi0 � ai0) � v(f � g) > 0,

(K, v) v K

m = n

f 2 K[x] n � 1
↵ f t " 2 vK

" � max{0, kras(f)} g 2 K[x]
n

v(f � g) > n"� (n� 1)�⇤(f).

g t B
�
" (↵)

v(f �g)
f g

g

f

gj j � 1 {v(f � gj) | j � 1} vK

" 2 vK ↵ f B
�
" (↵)

gj gj B
�
" (↵)

gj " � 0

Q 2 v f(x) = x�
1
2

gj(x) = f(x) + 2jxj+1
v(f � gj) = j gj

�1 ↵ = 1
2 f



f gj

(j + 1, j)

(1, 0)

(0,�1)

j g := gj v(12 ��)
� g g(x+ 1

2)
g(x+ 1

2) � �
1
2 � g

g

✓
x+

1

2

◆
= x+ 2j

✓
x+

1

2

◆j+1

= x+
j+1X

i=0

✓
j + 1

i

◆
2i�1

x
i =:

j+1X

i=0

bix
i
.

vb0 = �1 vbj+1 = j 1  i  j

vbi � i� 1 b1 = 1 +
�
j+1
1

�
vb1 � 0 1 < i  j

vbi = v

✓✓
j + 1

i

◆
2i�1

◆
� v

�
2i�1

�
= i� 1.

NPg(x+ 1
2 )

1

(0,�1) (j + 1, j)



NPg(x+ 1
2 )

j = 5 g(x + 1
2) = 32x6 +

96x5 + 120x4 + 80x3 + 30x2 + 7x+ 1
2

(1, 0)

(0,�1)

(6, 5)(5, 5)

(4, 3)

(3, 4)

(2, 1)

� g v(12 � �) = �1
B

�
�(

1
2) j + 1 g � < �1
g � � �1

v(f � g)
" := max{0, kras(f)}

Q 2 v f(x) = x�
1
2

↵ = 1
2 �1 �

⇤(f) = �1 kras(f) = �1 " = 0
gj(x) := f(x)+2jxj

j 2 N g1

� = 1
6 v(↵��) = �v(3) = 0 v(f � g) = v(2x) = 1

n" � deg(f � g)�⇤(f) = 1 = v(f � g)

gj

f v(f � gj) = j

j 2 N g := gj

g

✓
x+

1

2

◆
= x+

jX

i=0

✓
j

i

◆
2ixi =:

j+1X

i=0

bix
i
.

vb0 = vb1 = 0 vbj = j vbi � i 1 < i < j

g(x + 1
2) 0



1 j
j�1 j � 1 g(x + 1

2)

0 j � 1 �
j

j�1 � g(x)

� �
1
2 g(x + 1

2) v(↵ � �) = v(� �
1
2)  0

v(f � g) = j = n · 0� j · (�1) = n"� deg(f � g)�⇤(f).

f g

deg f = deg g

" > 0 f, g 2 K[x]
m = n

v(f � g) > n"� (n� 1)�⇤(f).

v(↵i � �i) > " i

↵i1 , . . .↵i` f B
�
" (↵i1), . . . , B

�
" (↵i`)

j 2 {1, . . . , `} �
⇤(f)

n"� (n� 1)�⇤(f) � n"�min{0, (n� 1)v↵ij}.

c = ↵ij nb(f, ",↵ij) = nb(g, ",↵ij)
g f

" > 0 f, g 2 K[x]
m = n v(f � g) > n"� nvf

g v(↵i � �i) > " i

vf  �
⇤(f) g = bng0

g0

v(f � g0) > n"� (n� 1)�⇤(f).

f vf  0 v(f � g) > " > 0
vf = vg vbn = 0

v(g � g0) = v((bn � 1)g0) = v(bn � 1) + vg0 � v(f � g) + vg0

> n"� nvf + vg � vbn = n"� (n� 1)vf.



v(f � g0) � min{v(f � g), v(g � g0)} > n"� (n� 1)vf � n"� (n� 1)�⇤(f).

f g0 g

deg f = deg g = n deg(f � g)  n � 1
" � kras(f)

�
⇤(f)  vf  0 deg(f � g) 

n f g n

v(f � g)
f(x) = x

2
� 16 g(x) = x

2
� 4

Q 2
v(f � g) < kras(f) " = 1

2

f 2 K[x] f

Sf := max{v(f 0(↵i)) + v(↵i � ↵j) | i, j 2 {1, . . . , n} ^ i 6= j}.

Sf < 1 f

f

(K, v) f g

OK [x] m � n f

v(f � g) > Sf

v(↵k � �k) > v(↵k � ↵j) j, k 2 {1, . . . , n} j 6= k

�k k 2 {1, . . . , n}
(K, v) m = n k

K(↵k) = K(�k)

N := {1, . . . , n} k 2 N ↵ := ↵k

f↵(x) = f(x + ↵) g↵(x) = g(x + ↵) a
0
i b

0
i

f↵ g↵ 0 f↵

NPf↵(0) = va
0
0 = 1 t = 1

NPf↵(1) =
X

j2N,j 6=k

v(↵� ↵j) = vf
0(↵).



f v↵ � 0
(a) v(f↵ � g↵) � v(f � g) > Sf

NPg↵(0) = vb
0
0 = v(b00 � a

0
0) � v(f↵ � g↵) > Sf .

NPf↵(l) = NPg↵(l) l 2 N

l > 0 (l, va0l) NPf↵

f↵ ↵i � ↵

I ✓ N

i (↵i � ↵) n � l

va
0
l =

P
i2I v(↵i �↵) f

i v(↵i � ↵) � 0.

va
0
l =

P
i2I v(↵i � ↵) 

P
j2N,j 6=k v(↵� ↵j)

 max
nP

t2N,t 6=i v(↵i � ↵t) + v(↵i � ↵j) | i, j 2 N ^ i 6= j

o

= max {vf 0(↵i) + v(↵i � ↵j) | i, j 2 N ^ i 6= j} = Sf .

9
>=

>;

v(a0l � b
0
l) > Sf va

0
l = vb

0
l

l > 0 (l, va0l) NPf↵ va
0
l �

NPf↵(l) f 0 f↵ 1 n

NPf↵

(1, va01) (n, va0n) NPf↵

l = 1 l = n va
0
1 va

0
n

Sf NPf↵

NPf↵(l)  max{va01, va
0
n}  Sf

vb
0
l � min{va0l, v(a

0
l � b

0
l)} � min{NPf↵(l),Sf} = NPf↵(l).

va
0
l = vb

0
l l (l, va0l)

NPf vb
0
l � NPf↵(l) l

v(f↵ � g↵) > 0 f↵ (n, vb0n)
NPg↵ ` � 1 (`, vb0`)

NPg↵ f g

[`, n] ` = 1

NPf↵(l) = NPg↵(l) l 2 N.

n = 1 n > 1

� := max{v(↵j � ↵) | j 2 N, j 6= k}.



�� NPf↵

�1 F : [0, n] ! � F (x) = NPf↵(x)
x � 1 [0, 1] F

(1,NPf↵(1)) ��

(1,NPf↵(1))
F

[0, n]

NPg↵(0) > Sf = max
i 6=j

{f
0(↵i) + v(↵i � ↵j)} � NPf↵(1) + � = F (0).

` N (`, vb0`)
NPg↵ ` 6= 1
NPg↵ (0,NPg↵(0)) (`,NPg↵(`))

[0, `] �

f↵ g↵

F NPf↵ [1, n]
[0, 1]

NPg↵ �

(i, va0i) (i, vb0i)

�

(0,NPg↵(0))

(0, F (0))

n`10

F (`) = NPf↵(`) = NPg↵(`) = �(`) F (0) < �(0).

F � x 2 [0, `)
F (x) < �(x) NPf↵(0) = 1 NPf↵(1) 6= 1 (1, va01)
NPf↵ va

0
1 = vb

0
1

(1, F (1)) = (1,NPf↵(1)) = (1, va01) = (1, vb01)



� �

NPg↵ [0, `] (1, vb01) NPg↵

` = 1
↵ = ↵k f

g

v(�k � ↵) � v(�i � ↵)

i 2 {1, . . . ,m} �k � ↵ g↵

v(�k � ↵) = NPg↵(0)� NPg↵(1).

v(�k � ↵) = NPg↵(0)� NPg↵(1) > Sf � vf
0(↵k) � v(↵k � ↵j) j 6= k,

NPg↵(1) = NPf↵(1).

↵k �k

v(�k � ↵k) > v(↵k � ↵j) j, k 2 N j 6= k.

↵l l 6= k

�l �k

�l = �k

v(↵k � ↵l) � min{v(↵k � �k), v(↵l � �k)} > v(↵k � ↵l),

↵k �k

�k

↵k g v(↵k �

�k) > v(↵k � ↵j) k, j 2 {1, . . . , n} j 6= k

{n + 1, . . . ,m} g

f f �1, . . . , �n g

m = n K f

g �k ↵k

�l l 6= k

j 6= k

v(↵k � �l)  v(↵k � ↵j) < v(↵k � �k).



v(�k � �l) = min{v(↵k � �k), v(↵k � �l)} = v(↵k � �l) < v(↵k � �k).

k
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