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Introduction

In 1934 the French mathematician F. Marty presented at the 8th Scandinavian Congress of Mathe-
maticians the concept of a generalization of the notion of a group (see [31]). He called this algebraic
structure a hypergroup. From this point on, hypercompositional algebra came into being. This
is a branch of algebra dealing with algebraic structures in which (at least some) operations are
transformed into hyperoperations, i.e., operations that result in a set of elements, not a single element.
Marty died during World War II six years later, but his idea survived. Today, hypercompositional
algebra is a widely studied branch of mathematics that finds a number of applications (see [9], [10]).

Seven years before Marty introduced hypercompositional algebra, E. Artin and O. Schreier in
[2] had published the foundations of the theory of ordered fields. Using this theory Artin, in the
same year in [I], gave a positive answer to the question known as Hilbert’s 17th Problem: Suppose
that f € R[X1,...,X,] is a polynomial that takes only non-negative values over the reals. Is f a
finite sum of squares of rational functions? Moreover, the theory of ordered fields gave rise to real
algebraic geometry, which is a sub-branch of algebraic geometry (see e.g. [6]).

Hyperfields are a generalization of fields where addition is multivalued and multiplication is
single-valued. They were introduced by M. Krasner in [24].

In 2006 in [34] M. Marshall introduced the notion of a real hyperfield. A hyperfield F' is said to
be real if it admits a positive cone, i.e., a subset P of F such that P+ P C P, P-PC P, PN—P =
), PU—P = F* where F* := F \ {0}. Moreover, Marshall introduced the notion of a prepositive
cone in a hyperfield. Furthermore, he generalized also some aspects of Artin-Schreier theory to
hyperfields. Namely, he proved that in the hyperfield case the following results are valid: every
maximal prepositive cone is a positive cone and a prepositive cone is an intersection of all positive
cones in which it is contained. Moreover, he proved the analogue of Artin-Schreier’s theorem for
hyperfields, i.e., that a hyperfield F is real if and only if —1 ¢ >_(F*)2. We recall these results
in Section 2.1. The work of Marshall was later further developed in [16], where M. Marshall and
P. Gladki investigated the orderings of higher level in hyperfields. However, because of a lack of
valuation-theoretic tools, the authors were not able to study orderings of higher levels in hyperfields

in general. In this thesis we address this problem. Our aim is to prove an analogue of the Baer-Krull



theorem for hyperfields and develop the theory of real hyperfields. The compatibility between
positive cones and valuations in real hyperfields allows us to generalize several aspects of the theory
of real hyperfields. However, some facts from the theory of ordered fields are no longer true for real
hyperfields. We point them out.

In the first chapter we recall and systematize the basic concepts related to hypercompositional
algebra. We recall the definitions of a hypergroup from [3I], of a canonical hypergroup from [3§]
and of a hyperring and hyperfield from [24]. In [23] Krasner presented a contruction of a hyperfield
which is a quotient of a field by a multiplicative subgroup of this field. We recall this construction.
We show also Massouros’s example from [32] which shows that there exist hyperfields which are not
coming from this construction. We recall some results from hyperring theory from [I8] and [I1]. In
particular, we present the construction of a hyperring of fractions, introduced in [I1], and we give
all the necessary details in the proofs. Moreover, we show an example from [46] of a hyperfield in
which double distributive law does not hold. We also present the result from [7] which says that if a
hyperfield fulfills the double distributive law, then it is a stringent hyperfield.

The terminology in the literature is inconsistent in some cases. For example, the notion of a
quotient hyperfield is usually used for a quotient of a hyperring by a hyperideal as introduced by Jun
in [I8] (see Proposition . However, the same notion is used also for a hyperfield which comes
from the Krasner contruction in [23] (see Theorem[1.2.5). We address the second case by the name of
factor hyperfield. Moreover, there are also two ways in the literature to define a subhyperring. Some
authors define a subhyperring to be a subset of a hyperring which is additively and multiplicatively
closed (see e.g. [II]). Others (see e.g. [I8]) define it to be a subset of a hyperring which with induced
operations is a hyperring itself. We give the name of strict subhyperring in the first case (Definition
1.3.1).

Among a lot of valuable articles in hypercompositional algebra there are also some in which gaps
occur and some of the proofs are not correct. An example is the article [37]. The proofs from that
paper have been corrected and the gaps have been filled by the author with co-author A. Linzi in
[30]. Having in mind this problem, we give all the necessary details in the proofs and sometimes we
give new proofs of the results from the literature in this thesis.

In the second chapter we present Marshall’s theory of real hyperfields. We pay special attention
to real factor hyperfields. In particular, we show the relation between the positive cones of a field
and the positive cones of a real factor hyperfield arising from that field. We give several interesting
examples of real hyperfields, both factor and not factor.

In the third chapter we develop the basic valuation theory of hyperfields introduced by B. Davvaz
and A. Salasi in [I1I]. Furthermore, we focus on valued factor hyperfields. We show the relation
between the valuations on a field and on the factor hyperfield arising from that field. We introduce
the notion of a Priifer hyperring.

The fourth chapter is the main part of the dissertation and contains only new results. First, we



introduce the notion of a valuation compatible with a positive cone (Proposition , and of the
natural valuation (Definition . We prove the Baer-Krull theorem for hyperfields (Theorem
A1)
Having a real field (K, P), we can introduce a strict linear order < associated with P in the
following way:
a<b:b—aeP forabekK.

In the case of real hyperfields a positive cone is not necessarily associated with a strict linear order.
That was already pointed out by Marshall in [34]. Nevertheless, the relation on a real hyperfield
(F, P) given by

a<b:sb—alCP forabeF

is a strict partial order (see Section 4.2). In the case of real fields we say that a valuation is
compatible with a positive cone P if and only if its valuation ring is convex with respect to the
strict linear order associated with P. In the case of hyperfields, the existence of a strict partial order
allows us to consider the notion of convexity. However, in real hyperfields only one implication is
true: if a valuation is compatible with a positive cone P, then its valuation hyperring is convex with
respect to the strict partial order associated with P (Lemma . The reverse implication is not
true in general (Proposition .

Moreover, we introduce the notion of a real holomorphy hyperring (Definition and prove
that the real holomorphy hyperring is a Priifer hyperring (Theorem [4.3.5). We also introduce the
notion of a real place on a real hyperfield (Definition and show that the topological space of
real places on a real hyperfield has analogous properties to those in the classical theory of ordered
fields (Theorem [1.4.5)).

In Section 4.2.1 we pay special attention to real factor hyperfields. We study the strict partial
order relation associated with their positive cones and focus on the elements which are not comparable.
We show that every real factor hyperfield is a union of a chain of antichains and determine the
number of elements in each antichain (Proposition .

Some results of this thesis have already been published in [26], a paper written by the author

with co-authors K. Kuhlmann and A. Linzi.



Chapter 1

Hypercompositional algebraic

structures

In this chapter we introduce variants of definitions of several algebraic structures: hypergroup,
canonical hypergroup, hyperring and hyperfield. We provide the basic properties and give examples
of these structures. In Section 1.3 we focus on the theory of hyperrings and recall the constructions

which have appeared already in the literature. We provide the details of some proofs.

1.1 Hypergroups

The idea of hypercompositional algebraic structures is based on the concept of generalizing the
definition of a given algebraic structure by converting a single-valued operation into a multi-valued
operation. We begin by focusing on the implementation of this idea to the definition of a group,
which was also chronologically done first. To this end, let us begin by recalling the classical definition

of a group.

Definition 1.1.1. Let G be a nonempty set with an operation + : G x G — G and let 0 be an
element in G. Then (G, +,0) is called a group if

(G1) the operation + is associative, i.e., (z +y) + 2z =z + (y + 2) for every z,y,z € G,
(G2) z+0=0+x =z for every z € G,
(G3) for each element x € G there exists an element y € G such that z +y =y +x = 0.

However, we can define a group also in the following, alternate way.



Definition 1.1.2. Let G be a nonempty set with an operation + : G X G — G. Then (G,+) is
called a group if

(gl) the operation + is associative, i.e., (z +vy) + 2z =z + (y + z) for every z,y, z € G,
(g2) the operation + is reproductive, i.e., x + G = G + x = G for every z € G, where

G+z={g9g+z|geG} and z+G={x+g]|gecG}

Proposition 1.1.3 (Theorem 2, Theorem 3, [33]). Definition and Definition are

equivalent.

Proof. Take a nonempty set G with an operation + and 0 € G and assume that (G, +,0) satisfies
axioms (G1) - (G3). We need to show that it satisfies axiom (g2). Clearly v + G C G for every

x € G. To prove the converse inclusion, take any a € G. Then
a=0+a=(x—2)+a=x+(—z+a) €x+G.

Hence G = x + G. Similarly we prove that G = G + x for every z € G. So we see that Definition
implies Definition

Take now a nonempty set G with an operation 4+ and assume that (G, +) satisfies axioms (gl)
and (g2). We need to show that it satisfies axioms (G2) and (G3). Take x € G. From axiom (g2)
we know that there exists some element 0 € G such that x +0 = . Take now an element y € G.

Again, from (g2), there exists z € G such that z + = = y. Hence, using (gl), we have
y+0=0C+z2)+0=z2+(z+0)=z2+z=4y.

So y+ 0 = y for every y € G. In an analogous way, we show that there exists 0 € G such that
04y =y for every y € G. Finally,
0=0+0=0,
which shows that axiom (G2) is fulfilled.
Take x € G. From (g2) we know that there exist y,¢ € G such that x + y =0 and t + = = 0.

Moreover, using axiom (gl), we have
y=0+y=0Ct+z)+y=t+(x+y) =t+0=1.
This shows that axiom (G3) is fulfilled. O

Definition 1.1.4. Let G be a nonempty set and P*(G) the family of nonempty subsets of G. A
hyperoperation is a function

+:GxG— P(G)

which to every pair (z,y) associates a nonempty subset of G denoted by = + y.



For a subset A C G and x € G we set

A+z = Ua—i—x and z+ A:= Ua:+a.
acA a€A

The following definition of a hypergroup was introduced by F. Marty in [31].

Definition 1.1.5 ([31]). Let G be a nonempty set with a hyperoperation + : G x G — P*(G).
Then (G, +) is called a hypergroup if

(H1) the hyperoperation + is associative, i.e., (x +y) + z =z + (y + 2) for every z,y,z € G,
(H2) the hyperoperation + is reproductive, i.e., x + G = G + & = G for every z € G.

Lemma 1.1.6. Let (G,+) be a hypergroup and let Hy, Hy C G be subsets of G such that Hy C Hs.
Then for any a € G,
a+ H1 Q a+ HQ.

Proof. Take a € GG and choose x € a + H;. Then there exists hy € H; such that x € a 4+ hy. Since
Hy C Hy, h1 € Hy. Hence, x € a + hy C a + Hy. This shows that a + H; C a + Hs. O

Comparing Definition [1.1.2] and Definition we see that the notion of hypergroup is a
generalization of the notion of a group. We consider the following special class of hypergroups,

which will be of interest for us:

Definition 1.1.7 (Definition 1.1, [38]). A canonical hypergroup is a tuple (H,+,0), where + :
H x H — P*(H) is a hyperoperation and 0 is an element of H such that the following axioms hold:

(C1) the hyperoperation + is associative, i.e., (x +y)+z =z + (y+ 2) for all z,y,z € H,
(C2) x+y=y+aforalayec H,

(C3) for every x € H there exists a unique —x € H such that 0 €  + (—z) (the element —z is

called an inverse of ),
(C4) z€x+yimpliesy € —x+ z for all x,y,z € H.

The axiom (C4) is called the reversibility aziom.

Remark 1.1.8 ([32]). From the definition of a canonical hypergroup we can conclude the following
property:
x+0={z} for every z € H.

Indeed, take y € © + 0. Then 0 € —x + y from axiom (C4). Now from axiom (C3) we have that

x =y, because the inverse is unique.



Remark 1.1.9. The zero element is unique in a canonical hypergroup. Indeed, assume that 0 and 0/

are zeros in the canonical hypergroup H. Then
{0} =0+0"={0},

where we used twice Remark and axiom (C2). Hence, 0 = 0.

Note that we can think about the canonical hypergroup as a generalization of the notion of an

abelian group in the sense of Definition
Remark 1.1.10. A canonical hypergroup is a hypergroup in the sense of Definition Indeed, the

inclusions z + H C H and H + x C H for every x € H are clear. To see the reverse inclusions, take
any y € H. Then
yey+0Cy+(z+(-2) =+ (-2) +z,
so there exists z € (y + (—z)) C H such that y € z+x C H + 2. We obtain that H C H + z, and
using axiom (C2), also that H C z + H. Hence, H+ 2 = H and x + H = H.
However, in the next example we will see that there exist hypergroups which are not canonical

hypergroups.

Example 1.1.11. 1. Every abelian group G can be turned into a canonical hypergroup by
identifying an element x + y € G with a singleton {x + y}.

2. Define the following hyperoperation + on R:

(minfe,y}, max{e,y}) i o #y

{x} ifo=y.

where (min{z, y}, max{z,y}) is an open interval. Then H := (R, +) is a hypergroup in the

sense of Definition Indeed, to prove that H fulfills axiom (H1), we will consider the
following cases:

r+y =

eifr=y==zthen (z+y)+z=(r+z)+oe={as}+ax={s}=2+{2} =0+ (z+2)=
z+(y+2),

o ifx =y #z then (z4+y)+2z=((+z)+2z={z}+ 2z = (min{z, 2z}, max{z, z}) =
z + (min{z, z}, max{z,z}) =z + (r +2) =2+ (y + 2),

eif x # y =2z then (x+y)+2z = (x+y) +y = (min{z,y},max{z,y}) +y =
(min{z,y}, max{z,y}) =z +y=z+{y} =z + @y +y) =z +(y+2),

eif v = z # y, then (x +y) +2z = (x+y) + 2 = (min{z,y}, max{z,y}) + z =
(min{z, y}, max{z, y}) = z + (min{z, y}, max{z,y}) =z + (y + 2) = 2 + (y + 2),

o ifx #y # z, then (z+y)+2z = (min{z, y}, max{x, y})+2z = (min{z, y, 2z}, max{z,y, z}) =
x 4 (min{y, z}, max{y, z}) =z + (y + 2).



Hence, axiom (H1) is fulfilled. To show that (H2) is valid, observe first that z + H C H and
H + x C H for every x € H. To prove reverse inclusions, choose z € H. Take y; € H. Then
Y1 € ¢+ y2 € x + H, where we choose y» € H in the following way:

yo >y if ¢ < yq,

Y2 =y1 if & =y,

Yo <y1if x>y,
Hence, H C x4+ H for every z € H. Similarly we can show that H C H + z for every z € H.
We have proven that (R, +) is a hypergroup. However, it is not a canonical hypergroup, since

there is no unique identity element. Indeed, suppose that y € H is the identity element and

take any € H. Then x +y = {z} if and only if y = x, so the identity is not unique.

. (A variant of Example 3.4 in [46]). Consider the unit interval [0,1] C R with a hyperoperation

defined as follows:

max{z,y} ifz#y,
[0, x] if x = y.

T4y =

Then H := ([0,1],+,0) is a canonical hypergroup. Indeed, axiom (C2) clearly holds. Moreover,
for any x € H the unique inverse element is x € H, so axiom (C3) is fulfilled. Assume that
z € x +y. If x # y then, without loss of generality, let z < y. Hence, z € z +y = {y}.
Then {y} =2 +y=—-ac+z fr=y thenzecor+y=a+z =10z, ie, z <z Then
x €x+z=—x+ 2z Soaxiom (C4) holds in both cases. To see that the hyperoperation + is

associative, take x,y,z € H. We will consider the following cases:

o ifr=y=z then (v +y)+2=[0,2] =2+ (y + 2),

o if there exists the largest element among x,y, z, we can assume that x > y and = > z.
Then
@ty +z={e}=x++2),

e if two elements among z,y, z are equal and bigger than the third one, we can assume

that z =y > 2. Then
(@+y)+z=02]+z=02]=+y=2+(y+2)

This proves that axiom (C1) is fulfilled. We have proven that H is a canonical hypergroup.



1.2 Hyperrings and hyperfields

Hyperrings and hyperfields were introduced in 1956 by M. Krasner in [24] in connection with his
work on valued fields. A hyperring is a hypercompositional algebraic structure with a multivalued
addition and a standard multiplication.

However, this is not the only approach to the definition of a hyperring. Another important class
of hyperrings are multiplicative hyperrings. They were introduced in 1982 by R. Rota in [42]. A
multiplicative hyperring is a hypercompositional algebraic structure in which the addition is an
operation while the multiplication is a hyperoperation. There exist also other variants of hyperrings,
e.g. a feeble hyperring, where both, addition and multiplication are hyperoperations. They were
introduced by C. Corsini in [8]. We refer the reader to [I0] for a general survey on hyperring theory.

In this thesis we focus on the hyperrings in the sense of Krasner.

Definition 1.2.1. A commutative hyperring with unity is a tuple (R, +,-,0, 1) which satisfies the

following axioms:
(R1) (R,+,0) is a canonical hypergroup,
(R2) (R,-,1) is a commutative monoid such that 2 -0 =0 for all z € R,
(R3) the operation - is distributive with respect to the hyperoperation +, i.e., for all z,y, z € R,
x(y+2) =zy +az,
where for x € H and A C R we set

zA:={za|a€ A}

If there is no risk of confusion, we will call (R, +,-,0,1) simply a hyperring. If (R\ {0},-,1) is an
abelian group, then (R, +,-,0,1) is called a hyperfield.

We will denote the set of nonzero elements of a hyperring R by R*.
Remark 1.2.2. The double distributivity law, i.e.,

(x+y)(z+t)=zz+at+yz+yt

does not hold in general in hyperrings as we will see in Example [1.2.10] However, the following

inclusion is valid in all hyperrings:
(z+y)(z+1t) Cxz+xt+yz + yt.
Indeed, (x +y)a = za +ya for all a € z+ ¢, so

+y)(z+t)={(z+yalacz+t}={zatya|a € z+1t}

10



Moreover, for every a € z + t,
za+ya Ca(z+t)+ylz+t)=(xz+xt)+ (yz + yt) = 2z + xt + yz + yt.

Hence,
(x+y)(z+t)={za+yalacz+1t} Cxz+axt+yz+yt.

That property was stated without proof in [39] and was shown by O. Viro in [46].

Lemma 1.2.3. Let R be a hyperring and A C R,x,y € R. Then
(r+y)ACxA+yA.

Proof. We compute:

+yA={(z+y)a|lac At ={za+ya|ac A} C{za+yb|a,be A} =zA+yA.

Lemma 1.2.4. Let F be a hyperfield, which is not a field. Then 1 —1 # {0}.

Proof. Suppose that 1 —1 = {0}. Then the assumption implies that x — z = {0} for every z € F.
Take z,y € F* and take a,b € x+y. Thena—b C (z+y)—(z+y) =(x—z)+(y—y) =040 = {0}.
Hence, we conclude that a = b, so the hyperadditon is single-valued. This shows that F'is a field. [

In [23] in 1983 M. Krasner provided the following way of constructing hyperrings and hyperfields.
Let R be a commutative ring with unity and let 7" be a subgroup of its multiplicative semigroup.

We consider the following equivalence relation on R:
x ~py < =yt for some t € T.

We are going to denote the equivalence class of an element z € R by [x]r and the set of all equivalence

classes by Rr. Observe that [z]r = {«t | t € T}. We define the following operations on Rr:
[@lr + [yl = {les +yt]r | s,t € T},

[z]7 - [Yle := [z - y]7.

Theorem 1.2.5 ([23]). The tuple (Rr,+,-, [0]T, [1]T) is a hyperring. Moreover, if R is a field, then
(Rp,+,-, [0z, [1]7) is a hyperfield.

Proof. First we will verify axioms (C1)—(C4). Take [x]7, [y]r, [2]r € Rr. Then

{[ws +ytlr | 5.t € T} + [2Jr = {[(ws +yt) + 2ulr | 5,t,u € T}
{lzs + (yt + zu)]r | s,t,u € T} = [z]r + {[yt + zu]r | t,u € T}

([#]r + [y]r) + [2]r =
= [z]r + ([ylT + [2]7),

11



where we used associativity in R. Hence, axiom (C1) is fulfilled. Axiom (C2) follows from

commutativity of addition in R, i.e.,
[zlr + [yl ={les +ytlr [ s,t € Ty ={lyt +aslr [ s,t € T} = [ylr + [z]r

for all [z]r, [ylr € Rr. Take now [z]p, [y]r € Ry such that [0]r € [z]r + [y]r. This means that
there are s,t € T such that 0 = xs + yt. Hence y = —x(st~!), which implies that [y]r = [~z]r. So
—[x]r := [~z]r is the unique additive inverse of element [z]r. This proves that axiom (C3) holds.
Finally, take [2]7 € [z]7 + [y]r. Then z = xs + yt for some s,t € T and y € —x(st~!) + 2t~1. This
shows that [y]r € —[z]r + [2]T, so axiom (C4) is fulfilled. We have proved that Rr is a canonical
hypergroup.

Now we need to verify axiom (R2). The fact that multiplication in Ry is associative and
commutative follows from the same properties of multiplication in R. Observe that for every
[z]7 € Ry, we have [l]p - [z]r = [1 - z]r = [z]r, so [1]r is a neutral element of multiplication.
Moreover, [z]|r - [0]r = [z - O]r = [0]r.

To prove axiom (R3), take [z]7, [y]7, [2]r € Rr. Then

)
[z ([ylr + [2]7) = [2]r {lys + 2t]r | 5,6 € T} = {[a(ys + 20)]r | 5,6 € T} =
= {leys +2zt]r [ 5,6 € T} = [wylr + [22]r = [2]rlylr + [2]r (2],
which completes the proof of the fact that (Rr,+,-, [0]r, [1]7) is a hyperring.
Assume now that R is a field and take [0]7 # [z]r € Ry. Then [z71]r € Ry is the multiplicative

inverse of [z]r. Indeed,

[2]7 - a7 r = [z2 77 = (12
Hence, in that case, (Rr,+, -, [0]7, [1]7) is a hyperfield. O
Remark 1.2.6. A hyperring (hyperfield) which is of the form Rz for some commutative ring with
unity (or a field) R is called a quotient hyperring (a quotient hyperfield). However, to distinguish it

from the hyperring which arises from the construction described in Proposition [1.3.20] we will call it

a factor hyperring (or a factor hyperfield respectively).

Example 1.2.7. Every field can be seen as a hyperfield if we identify « +y with a singleton {z + y}.

Hence hyperfields can be understood as a generalization of fields.

Example 1.2.8. Consider the set S := {—1,0, 1} with the usual multiplication and the hyperaddition
+ defined as follows:
(~1)+ (1) = (1) +0=0+ (1) = {~1}
0+ 0= {0}
1+41=140=0+1={1}
1+ (=1) = (=1)+1={-1,0,1}.
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Then S := (S, +,-,0,1) is a hyperfield called the sign hyperfield. It can be seen as a factor hyperfield

R(g+)2, where (R*)? is the set of nonzero squares of real numbers.

Example 1.2.9. Consider the set K := {0, 1} with the usual multiplication and the hyperaddition
+ defined as follows:

0+0={0}
1+0=0+1={1}
1+1=1{0,1}.

Then K := (K, +,-,0,1) is a hyperfield called the Krasner hyperfield. It can be seen as a factor

hyperfield Cc+, where C* is the set of nonzero complex numbers.

Example 1.2.10 (Definition 6.4, Theorem 6C in [46]). We equip the set of complex numbers C

with the usual multiplication and the following hyperaddition:

a, if |a] > 0],

b if [b] > |al,

)

+b all the complex numbers
a =
which belong to the shorter arc  if |a| = |b| and 0 # a +¢ b,

with endpoints a and b,

{zeC||z| <al}, if |a] = |b| and 0 = a +¢ b,

where +¢ denotes the usual addition of complex numbers.
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atb

a+b

QAQQ@

Then TC := (C,+,+,0,1) is a hyperfield called the complex tropical hyperfield. Note that this
hyperfield is not doubly distributive. Indeed, (1 +4)(1 —¢) €1 —i+14+ 1. We compute that the
result of 147 is the shorter arc with endpoints 1 and 4 and the result of 1 — i is the shorter arc with
endpoints 1 and —i. Hence (1 4 ¢)(1 —¢) is given by the arc between ¢ and —i on the right-hand

side of the unit circle, while the result of 1 — i + ¢ 4+ 1 is the whole unit circle.
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(1+i)(1-i)

At the end of his paper [23], M. Krasner asked the question whether every hyperring and
hyperfield is a factor. The question was answered negatively by Ch. Massouros in [32]. In that paper
the author provided the following construction of a hyperfield. In Proposition [I.2.12] we will see an
example of a hyperfield constructed in that way which is not a factor hyperfield.

Example 1.2.11 (J32]). Let G be any multiplicative group. Let 0 be an additional element and put
0-xz=2x-0=0 for every x € G. Then take H := G U {0}. We define the hyperaddition as follows:
for all z,y € H,

r+0=0+4+z={z}

x4+y={z,y} forx #yand z,y #0
x+x=H\{a} for z #0.

The tuple (H,+,,0,1) is a hyperfield. The operation of hyperaddition is commutative, so axiom

(C2) is fulfilled. To prove the associativity of the hyperaddition we will consider several cases.

o If x =0, then
(4+y)+2=0+y)+z=y+2=0+Wy+2)=a+ Yy +2).
Similarly we can show that the axiom holds if y = 0 or z = 0.

o If x,y, z are pairwise distinct and nonzero, we have that

(+y)+z ={z,y}+2z = (2+2)U(y+2) = {2,y,2} = (+y)U(r+2) = 2+{y, 2} = 2+ (y+2).

15



o If z =y # 2 and all of the elements are nonzero, then
(@+ty)+z=@+a)+z=H\{z}) +22(+2)U0+2) = (H\{z})U{z} = H,
Hence, (z + y) + z = H. On the other hand,
r+y+z)=c+(x+z2)=c+{z,z} =(x+2)U(z+2)=H.
Similarly we can show the case when y = z.

o If x = z and « # y and all of the elements are nonzero, then
@+y)+z=@+y)+te={syt+te=H=c+{zyt=c+y+a)=2+(y+2).
e If x =y = z and all of the elements are nonzero, then by commutativity,
(x+y)+z=(@+r)+x=a+(x+z)=2+ (y+ 2).

The unique inverse of © € H is © € H, hence x = —x. To see that axiom (C4) holds, we need to
consider several cases. Take z,y € H.

o If =y =0, then z € x +y =0+ 0 = {0} implies that z = 0. Hence y € —x + 2.

e If v # y and z,y # 0, then z € x + y implies that 2z = z or z = y. If z = x, then
yeH\{z}=z+aox=—-a+4+z lfz=y thenye{z,yt=z+y=—a+y=—a+=z

o Ifx =y #0,then z € x+y=a+x = H\ {zr} implies that z # x. Hence v € {z,z} =z +2 =

-+ z.

elfx=0and y#0,then z€x+y=0+y={y} implies z =y. Hencey € {y} =0+y =
0+z=—-2+=z2.

elfy=0and 2 #0,thenz€ex+y=2+0={a} impliesz=z. So0 e H\ {a} =z +2z =

—r+r=-x+ =z

The axiom (R2) follows from the fact that G is a multiplicative group. It is left to show
distributivity. Take x,y,z € H.

e If y +# z, then
x(y+z2)=z-{y,z} = {zy,xz} = zy + zz,

since y # z implies Ty # xz.

o If y = 2z, then
r(y+z2)=z(y+y) =z - (H\{y}) = H\{zvy} =2y + oy =2y + 22.
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This finishes the proof.
We will call this hyperfield a Massouros hyperfield.

The following proposition can be found in [32]. We present the proof of that result, filling a gap
that appeared in the original paper.

Proposition 1.2.12 ([32]). There exists a Massouros hyperfield which is not a factor hyperfield.

Proof. Consider a multiplicative group G such that |G| > 2 and 2% = 1 for every * € G. Let
H := GU {0} be a hyperfield as described in the Example [1.2.11} From our assumption, |H| > 3.
Suppose that H is a factor hyperfield Kp. Then the following properties are valid:

(1) [z]7 - [#]r = [#®]r = [1]7 for [z]7 # [0]T, i.e., x # O implies that 2% € T,
(2) [z]r + [z]r = Kr \ {[z]r} for [z]r # [0]r,
(3) [1]r = —[1]r, in other words T' = —T,
(4) T+T:= {tl + to | t1,t2 € T} = K\T
The last property needs more explanation. Take any x € T'+ T. Then there are t1,t; € T such
that @ = t1 + t2. This means that [z]7 € [1]7 + [1]r = K7 \ {[1]7}. Hence [z]1 # [1]r, which is
equivalent to € K \ T. Moreover, note that from (1) it follows that every nonzero square is in 7.

We are going to show that H is not a factor hyperfield. Assume first that char K # 2. Then any

nonzero a € K can be written in the following form:

a+1 a—1
a= ("5 - (50

These squares are nonzero if a # 1, —1. Hence, from what we have observed before, for a # 1, —1 we
obtain that (2431)%,(%52)? € T. Soa € T —T =T +T = K \ T, where we used properties (3) and
(4). We conclude that T'= {—1,1}.

From the definition of the hyperaddition in H, for « ¢ T and z # 0 we have

7 + [z]r = {[1]r, [z]r}.

Oun the other hand, from the definition of the hyperaddition in a factor hyperfield and T'= {—1,1},

we obtain
Ur + [z]r = {[l — 2], [1 + z]r}.

Hence, we have two cases:

1+ 2]y = [z]r and [1 — z]r = [1]1 or 14 z]r = [1]r and [1 — 2| = [z]7.
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In the first case we obtain 1 + z = —z and 1 — 2 = —1, so 2z = —1 and also x = 2. In the second
case, | +x=—1and 1 —x = x, so x = —2 and at the same time 2x = 1. In both cases we obtain
that char K = 5. Observe that since the polynomial (X? — 1)(X? + 1) admits at most four roots
and every nonzero element of H is a root of that polynomial, we conclude that K = F5. Hence
H = {[0]r, [1]r, [2]7}, which is a contradiction to the assumption that |[H| > 3.

Assume now that char K = 2. If T = {—1, 1} then from (1) for every = # 0 we have 2% =1 = —1.
Hence z =1 and K = Fy, so H = {[0]r, [1]r}. This is a contradiction with the assumption that
|H| > 3. Thus, there exists a € T such that a # —1,1. Consider the element b := a4 1 and compute

l=ad’+ad*+1=ad’+(a+ 1) =a*>+V* € T+T=K\T.
Since 1 € T, we obtain a contradiction. Hence we conclude that H is not a factor hyperfield. O

Another important and interesting class of hyperfields are stringent hyperfields. They were
defined by N. Bowler and T. Su in [7] in the following way:

Definition 1.2.13 ([7]). A canonical hypergroup G is stringent if for z,y € G the set = +y is a
singleton unless 0 € z 4+ y. A hyperfield F' is stringent if its underlying hypergroup is stringent.

Example 1.2.14. The sign hyperfield S and the Krasner hyperfield K are stringent.

As we have already mentioned in Remark [[.2.2] not every hyperfield satisfies the double distribu-

tive law. However, we have the following result for double distributive hyperfields.

Proposition 1.2.15 (Proposition 1.3, [7]). Every hyperfield, in which the double distributive law

holds, s stringent.

Proof. Let F be a double distributive hyperfield and take a,b € F* such that 0 ¢ a + b. Take
x,y € a +b. Then we compute

0el—1Cax-at—y-y ' Clatb)-2 ' —(a+d) -y =(a+b)(zt -y ).

1

Since 0 ¢ a + b, we have 0 € 7! —y~!. Hence 2! = y~!, so z = y. This proves that F is

stringent. 0

In their paper, N. Bowler and T. Su provided a classification of stringent hyperfields. Their
work was continued by J. Maxwell and B. Smith. We keep the notation introduced by them in
[36]. Let (H, 4w, ‘m, Om, 1) be a hyperfield and (G, +¢,0¢) a totally ordered abelian group. Define
F=HxG:=(H*"xG)uU{0},+,-,0,(1lm,0g)). This tuple is a hyperfield, where:

0-x=x-0=0 for every z € F,

(x,9)- (y,h) = (x -y, g+ch) for any (z,g),(y,h) € H" x G.

18



The hyperaddition is defined as follows:
x+0=0+4xz = {z} for every z € F,

(y7 h)7 lfg <h
(z,9)+(y, h) = .
{(z.9) | 2 € z +my}, ifg=hand O ¢ z+my

{(z,9) | z€ (x4+my) NH*}U{(c,¢') | ce H*, ¢’ < g} ifg=hand Oy €z +gy.
The next two theorems are the main results of the paper [7] of Bowler and Su. For the proofs we
refer the reader to the original paper.

Theorem 1.2.16 (Theorem 4.10, [7]). Every stringent hyperfield is of the form H x G, where H is
either the Krasner hyperfield K or the sign hyperfield S or a field.

Theorem 1.2.17 (Theorem 7.5, [7]). Every stringent hyperfield is a factor hyperfield.

1.3 Elements of hyperring theory

1.3.1 Subhyperrings and homomorphisms

In the literature there are two different approaches to the definition of a subhyperring of a given
hyperring R with a hyperaddition +. In [I8] Jun defined a subhyperring as a subset S of R which,
with induced operations, is a hyperring itself. We can also require, like in the case of rings, that
a+ (—=b) C S for every a,b € S (see e.g. [II, [40]). Here we distinguish the two approaches giving
the following definition.

Definition 1.3.1. Let (R, +,-,0) be a hyperring.

(a) A nonempty subset S C R is called a subhyperring if 0 € S, for every a,b € S one has ab € S,
and with the induced operation

a+gsb:=(a+b)NS,
the tuple (S, +g,-,0) is a hyperring.
(b) The tuple (S, 4+, -,0) is called a strict subhyperring if a —b C S and ab € S for every a,b € S.

Remark 1.3.2. A strict subhyperring is indeed a hyperring. Since S is nonempty, there exists a € S.
Then 0 € a —a C S. Hence, for every a € S we have that {—a} = 0—a C S. This shows that axiom
(C3) from Definition [I.1.7] is fulfilled. All of the other axioms follow directly from the same axioms
in R. Moreover, we observe that every strict subhyperring is a subhyperring, but the converse is not

true as we will see in Example 2:2.9
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Lemma 1.3.3. Let F be a hyperring. The intersection of strict subhyperrings of F is a strict
subhyperring of F'.

Proof. Let R be a hyperring and consider e S;, where each S; is a strict subhyperring in R and
J is any index set. Take a,b € ijJ S;. Then a,b € S; for every j € J,s0a—bC S; and ab € S

for every j € J. Hence a —b C (¢, S; and ab € (;c; S;. We conclude that ;. ; S; is a strict

subhyperring of F'. O
Definition 1.3.4. Let R and S be hyperrings and ¢ : R — S be a map such that:
(HH1) ¢(0r) = 0s,

(HH2) p(z-ry) = ¢(z) -5 ¢(y),
(HH3) ¢(x +ry) C ¢(x) +s5 ¢(y)-

Then ¢ is called a homomorphism of hyperrings. If ¢ satisfies condition

(HH3') o(z +rYy) = ¢(x) +5 ©(y),

which is stronger than (HH3), then ¢ is called a strict homomorphism of hyperrings.

Example 1.3.5. Consider a field K with a multiplicative subgroup 7' C K™ and the factor hyperfield
Krp. Then the map n : K — K defined as x — [z]p for £ € K* and 0 — [0]r is a hyperfield
homomorphism. Indeed, axiom (HH1) follows from the definition of . Axiom (HH2) is a consequence

of the definition of multiplication in Krp:

n(@-y) = [zylr = [z]r - [ylr = n(z) -n(y).

Finally, observe that
n(x+y) = [z +ylr € [2]r + [ylr = n(z) +n0(y),
so axiom (HH3) is also fulfilled.

Proposition 1.3.6. Let ¢ : R — S be a homomorphism of hyperrings, which is not the zero

homomorphism. Then
(a) p(1r) = 1s,
(b) o(—x) = —p(x) for every x € R.
Proof. () From axiom (HH2) we have
©(1r) = ¢(1r - 1g) = w(1R) - ¢(1R).

Since ¢ is not the zero homomorphism, we know that ¢(1g) # 0g, so ¢(1g) = 1g.
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(b) From axioms (HH1) and (HH3) we obtain

0s = ¢(0r) € p(z — ) C (x) + p(—2).

From axiom (C3) of Definition we have that the inverse is unique, hence ¢(—x) = —p(z).
O

Definition 1.3.7. Let ¢ : R — S be a bijective, strict homomorphism of hyperrings. Then ¢ is

called an isomorphism of hyperrings and R and S are called isomorphic, which is denoted by R ~ S.
Definition 1.3.8. Let ¢ : R — S be a homomorphism of hyperrings.
(a) The set kerp := {x € R | ¢(z) = 0g} is called the kernel of .

(b) The set Imyp := {¢(x) | * € R} is called the image of .

1.3.2 Hyperideals

In this thesis we consider only commutative hyperrings. Hence we do not distinguish right and left

hyperideals. However, these structures have been considered e.g. in Chapter 3.2 of [I0].
Definition 1.3.9. Let R be a hyperring.

(a) A nonempty subset I C R is a hyperideal if it is a strict subhyperring such that ra € I for all
r € R and a € I. We say that a hyperideal I is proper if I # R.

(b) A proper hyperideal I C R is prime if ab € I impliesa € [ or b€ I.

(¢) A proper hyperideal I C R is maximal if I satisfies the following property: if J C R is a
hyperideal of R such that I C J, then J = R.

Lemma 1.3.10. The intersection of hyperideals in a hyperring R is again a hyperideal in R.

Proof. Using Lemma [I.3.3] we know that the intersection of hyperideals in a hyperring R is a strict
subhyperring in R. Moreover, take a € ﬂje.] I;, where each I; is a hyperideal in R and J is any
index set. Take r € R and consider the element ra. Since a € I; for every j € J, we obtain ra € I;

for every j € J. This implies that ra € ﬂje s Ij, which completes the proof. O
Lemma 1.3.11. The union of a chain of hyperideals in a hyperring R is again a hyperideal in R.

Proof. Let R be a hyperring and let J be an ordered set. Let C be a chain (I;);cs of hyperideals in
R such that I;, C I,, if i1 <iy. Take a,b € UieJ I;. Then there are i1,is € J such that a € I;, and
beI;,. Let j:=max{iy,iz}. Then a,b € I; and since I; is a strict subhyperring, we obtian that
a—0bCI;. Hence a —b C J,c; I;. Take now a € | J,c; I; and r € R. Then there is j € J such that

a € I;. We have ra € I}, so ra € |J;c; I;. This proves that |, ; I; is a hyperideal in R. O

iceJ
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Lemma 1.3.12. Let R, S be hyperrings and ¢ : R — S be a homomorphism of hyperrings. Let I be
a hyperideal in S. Then o~ 1(I) is a hyperideal in R.

Proof. Take a,b € ¢~!(I). By axiom (HH3) and part (b) of Proposition we have
pla—rb) Cpla) —sp(b) C 1.

Hence a —r b C ¢~ !(I). Now take r € R. Then

p(r-ra) =) spa) €,

where we used axiom (HH2). So r -g a € ¢~ 1(I). Moreover, p(0g) = 0g € I by axiom (HH1), so
0r € ¢~ 1(I). Hence ¢~ 1(I) is a hyperideal in R. O

Definition 1.3.13. (a) Let R be a hyperring and a,b € R*. If a- b =0, then a and b are called

zero divisors in R. A hyperring R with no zero divisors is called an integral hyperdomain.

(b) Let R be a hyperring. We say that a € R is a unit if there exists b € R such that a-b = 1.
We will denote by R* the set of all units in R.

The statements of the following lemmas can be found in the literature. However, in the papers

there are no proofs of these results, so we prove them here:

Lemma 1.3.14 (Lemma 2.12, [26]). Let F be a hyperring and I a hyperideal. If I contains a unit,
then I = R.

Proof. Let u € R* N 1. Then for every r € R we have that r = u - (u=1r) € I, so R C I. O
Corollary 1.3.15 (Corollary 2.13, [26]). The only hyperideals of a hyperfield F are {0} and F.

Lemma 1.3.16 (Proposition 2.12, [I1]). Let R be a hyperring and I C R a proper hyperideal. Then

I s contained in some mazimal hyperideal M of R.

Proof. Consider the following set of hyperideals
S(I):={I CJ|J is a proper hyperideal of R}.

Take any chain C of ideals from S(I). Then the union of hyperideals | J ;. J is again an element from
S(I). Indeed, a union of a chain of hyperideals is again a hyperideal by Lemma Moreover,
ICUjeeJ and 1 ¢ J; o J, because 1 ¢ J for every J € C. Hence every chain from S(I) has an
upper bound in S(I), so from Zorn’s Lemma we obtain that there exists at least one maximal ideal

M e S(). O

Lemma 1.3.17 (Lemma 4.3.4, [I9], Lemma 3.22, [I8]). Let J be an index set and R a hyperring.
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(a) Let a € R. Then the set

(a) :={ra|r € R}

is a hyperideal in R.

(b) Assume that I; = (a;) is a hyperideal for each j € J. Then

(Ij)jes ={z € eraj |r; € R, X C J,|X]| < oo}
jeX

is a hyperideal.

(¢) Let {I;}jes be a family of hyperideals of R. Then

(Ij)jes :={xz € eraj |r; € Rya; € I;, X C J,|X]| < oo}
jeEX

is a hyperideal.

Proof. (a) Take a € R and ra, sa € (a), where r,s € R. Then ra — sa = (r — s)a C {(a), because

(b)

r —s C R. Moreover, ra - sa = (ras)a € (a), since ras € R. Hence (a) is a strict subhyperring
in R. Take any s € R and ra € (a). Then s(ra) = (sr)a € {a), where we used associativity of

multiplication in R. So {(a) is a hyperideal in R.

Take z,y € (I;)jes. Then there are a;,,...,a;,,bk, ;... bk, with a; € I;,by € Ij for i €

m

{i1,..yink k€ {k1,....km}tand vy, ... 75, Skyy -+, Sk, € Rsuch that z € r;,a; +...75, a;,

and y € sp,bg, + ... + 5k, bk, Let T := {i1,...,in, k1,..., kn} C J with |T| =:p <n+m.
We can write © € 1y, a4, + ... +1¢,a¢, and y € sy, by, + ... + 5¢,by, where ¢; € T'. Then

T =y Cryan 1 an, — (8e,bs o 8e,be,) = (e a — Se,byy) o (1,00, — 5¢,0,).

Consider z € x —y. Then there are ¢;, € ry,ar, — s¢,bt; C Iy, such that z € ¢, + ... + ¢y, which
proves that z € (I;)jes. Hence x —y C (I;)jes. Moreover, for any v € R we have

ux € u(ry a;, + .1, ;) = (ury, )ay + ... + (ur;,)a;,,
so ux € (I;);ecs. This proves that (I;);cs is a hyperideal in R.

It is a special case of part (c).

Remark 1.3.18. If a € R\ R*, then the hyperideal (a) is a proper hyperideal.
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1.3.3 Quotient hyperrings

We wish to give a contruction of a quotient hyperring, analogous to the classical construction of
quotient ring. The construction has been presented by B. Davvaz and A. Salasi in [TI] for quotients
of, so called, normal hyperideals. Later, it was generalized by J. Jun in [I8] to every hyperideal.

Let R be a hyperring and I a hyperideal. Let us consider the following equivalence relation on R:
e~y r+l=y+1, (1.1)
where z + I := {J,c;(z + a).
Lemma 1.3.19 (Lemma 3.3, [18]). Let R be a hyperring and I a hyperideal. Then for all z,y € R,
z~ys (z—y)NI#£0D.

Proof. Assume first that @ ~y y, i.e., c+1 =y + I. Since 0 € I, we have {a} =2z +0Cy+ 1.
This means that there exists a € I such that € y + a. From the reversibility axiom, a € x — y, so
a € (x—y)NI. Hence, (x—y)NI#0D.

Assume now that (x —y) NI # (. This means that there is a € (x —y) N I. From the reversibility
axiom, ¢ € a +y. Take z € x + I. Then there exists b € I such that z € z + b. We compute

ze€x+bC(aty)+b=y+(a+b) Cy+I,

where we used the fact that I is a strict subhyperring of R. Hence x + I C y + I. Similarly we show
that y+ 1 Cx+ I,s0x ~1 y. O

Proposition 1.3.20 (Proposition 3.5, [18]). Let R be a hyperring and I a hyperideal, and let R/T
be the set of equivalence classes of the relation . We define operations on R/I as follows:

(a+I)+(b+1I):={c+I|cea+b},
(a+1I)-(b+1):=ab+ 1.

Then the tuple (R/I,+,-,0+ I) is a hyperring.

Proof. First we will show that operations on R/I are well-defined. Assume that a1 + 1 =as + 1
and by + I = by + I. We are going to show that (a1 +I) + (b1 + 1) = (az + I) + (be + I). Take
c+I€(a;+1I)+4 (by+1I). Then c € a; + by. From reversibility axiom, we have a; € ¢ — b;. Since
a1+ I = ag + I, there exists « € (a; — az) N I. We compute

zE€ay—ay Cec—by —as=c— (b +az).

Then there exists y € by + ag such that x € (¢ —y) N I. We conclude that ¢+ 1 = y + I, so
(a1 4+I)+(b1+1) C (ag+1I)+(by+I). Similarly, we can show that (ax+1)+(b1+1) C (a1 +1)+(b1+1).
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Next, we can show that (ag + I)+ (by + I) = (a2 + I) + (b2 + I). This completes the argument that
(a1 + 1)+ (b1 + 1) = (ag + 1) + (b2 + I).

Now assume again that a;+1 = as+1I and by +1 = by+1. We wish to show that (a1 +1)-(b1+1) =
(ag+1I)-(ba+1I). Take x € (a3 —az)NI. Hence, xby € (a1 —az)by = a1by —asby, so (a1by —agby)NI # 0.
We conclude that (a1 + I)(b1 +I) = a1b1 + I = agby + I = (a2 + I)(by + I). Similarly, we show that
(ag +I)(by +I) = (az + I)(ba + I). This proves that (a1 + I)(by +I) = (a2 + I)(b2 + I). We have
shown that the operations are well-defined.

The set R/I inherits commutativity from R. Hence axiom (C2) from Definition is fulfilled.
Moreover, for a 4+ I we observe that 0+ I € (a+ I) + (—a + I). Suppose that there exists another
b+1Ie R/Isuchthat 0+1€ (a+1)+ (b+1I). Then 0 € a+ b, so b = —a by axiom (C3) in R.
Hence, axiom (C3) holds in R/I. Take now ¢+ I € (a+ 1)+ (b+1I). Then ¢ € a + b. From the
reversibility axiom in R we have that b€ —a+¢. Sob+ T € (—a+ 1)+ (¢+ I), which proves that
axiom (C4) holds in R/I. It is left to show that axiom (C1) is fulfilled. We compute

((a+D)+O+1)+(c+I)={os+I|zcat+bi+(c+I)={y+I|xca+b yecx+c}
={y+Ilye(a+b)+ct={y+I|yca+(b+c)}
=(a+D)+{z+I|zeb+c}=(a+D)+((b+1I)+ (c+1)).

So R/I is a canonical hypergroup.
Multiplication in R/I is commutative. Moreover, (a+1)(1+1I) =a+1I and (a+1)(0+1) =0+1.

Hence, axiom (R2) holds. Finally, we observe

(a+D)-(b+D)+(c+D)=(a+I)-{xz+I|ze€b+tct={ax+1|z€b+c}
={y+I|yecab+ac}=(ab+ 1)+ (ac+1I),

so axiom (R3) is fulfilled. This finishes the proof. O
Definition 1.3.21. The hyperring (R/1I,+,-,0+1,1+1) defined above is called a quotient hyperring.
Proposition 1.3.22 (Proposition 3.6, [18]). Let R be a hyperring and I a hyperideal. The projection

m:R— R/I

z—x+1

is a strict, surjective homomorphism of hyperrings and kerm = I.

Proof. We compute 7(0g) = 0+ I = Og/y, so axiom (HHI1) holds. Next, n(z-y) = zy+ 1 =
(x+I)-(y+1I)=mn(x) n(y). Hence, axiom (HH2) is fulfilled. Moreover, observe that

mz+y)=nr{c|lcexz+y})={c+I|cex+y}t=(r+y)+@y+1I),
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so axiom (HH3’) holds. This proves that 7 is a strict homomorphism of hyperrings. Take any
x+1I¢e R/I. Then w(x) = x + I, so m is surjective. Finally,

kerm ={z |m(z) =0r/r} ={z |2+ 1=0+1}={x|xecl}=1
O

Proposition 1.3.23 (Proposition 2.11, [26]). Let R be a hyperring. The kernel of every homomor-
phism of hyperrings p : R — S is a hyperideal of R. Every hyperideal of R is the kernel of some

strict homomorphism of hyperrings.

Proof. Take x,y € ker p. Then o(x) = 0r/; and ¢(y) = 0r,;. From axiom (HH3) from Definition
L34 we obtain

o@+ry) Co(x)+s ¢(y) =05 + 05 = 0g,

so z +r y C ker . Moreover, from axiom (H2) we have that for any r € R,

p(rz) = ¢(r) s p(z) = ¢(r) s 05 = Os.

Hence, rz € ker ¢. Finally, ¢(0g) = 0g by axiom (HH1), so Og € ker p. This proves that ker ¢ is a
hyperideal in R.

Take any hyperideal I in R and consider the quotient hyperring R/I. Then [ is a kernel of the
canonical projection R — R/I, which is a strict, surjective hyperring homomorphism by Proposition
1.3.22 O

Proposition 1.3.24 (Proposition 2.16, [26]). Let R be a hyperring and I a hyperideal.
(a) I is prime if and only if R/I is an integral hyperdomain.
(b) I is mazimal if and only if R/T is a hyperfield.

Proof. (a) Take  + I,y + I € R/I such that (x + I)(y + 1) = 0+ I. Then (xzy —0) NI # 0, so
xy € I. The hyperideal I is prime if and only if x € I or y € I, which is equivalent to x + I =0+ [
or y + I =0+ I. The latter is true if and only if R/I is an integral hyperdomain.

(b) Let I be a maximal hyperideal. We wish to show that every nonzero x + I € R/I has a
multiplicative inverse. Since x + I is nonzero, z ¢ I. Consider a hyperideal J constructed as in
Lemma (c) using hyperideals I and (z). Clearly I € J. Since I is maximal, we conclude
J = R > 1. By definition of J we obtain that

lexzy+1

for some y € R and i € I. From the reversibility axiom we have ¢ € 1 —xy. Hence i € (1—zy)NI # 0.
From Lemma [1.3.19| we obtain that 1 + 1 =2y + I = (z + I)(y + I), which means that y + I is a

multiplicative inverse of = + 1.
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To prove the converse, assume that R/T is a hyperfield and consider a hyperideal .J such that
ICJ. Takex € J\I. Then x4 I # 0+ I, so there exists y + I € R/I such that

zy+I=(x+)(y+I1)=1+1

Hence ) # (zy — 1) NI C (zy — 1) N J. Since z € J, it is true that zy € J. Therefore,
0+J=a2y+J=14J,s01 & J. This, by Lemma implies that J = R. O

The last proposition gives us a different proof of the following result, which has been proven in
[11]:
Corollary 1.3.25. FEvery mazximal hyperideal of a hyperring R is a prime hyperideal in F.

Proof. Let I be a maximal hyperideal in a hyperring R. Then the quotient hyperring R/I is a
hyperfield by Proposition (b). Since every hyperfield is a hyperdomain, we obtain, from
Proposition [1.3.24] (a), that I is prime. O

1.3.4 Hyperring of fractions and localization

The following construction can be found in [I1]. Let R be a hyperring and S C R* a multiplicatively
closed subset with 1. The relation ~g defined on R x S by

(a,s) ~g (b,t) & Fyues uta = usbh.

is an equivalence relation. Indeed, it is obvious that ~g is reflexive and symmetric. We are going to
show that ~ is transitive. Take (a, s), (b,t), (¢,y) € Rx .S such that (a,s) ~g (b,t) and (b, t) ~g (c,y).
This means that there exist u,w € S such that

uat = ubs and wby = wct.
Then
(tuw)ay = (wy)uat = (wy)ubs = (su)wby = (su)wct = (tuw)cs.

Since t,u,w € S and S is multiplicatively closed, we obtain that (a,s) ~g (¢,y).
In R x S the equivalence class containing (a, s) is denoted by ¢ and the set of all equivalence
classes by %. Having this notation we can write
% = % < Jyes uta = usb.
Lemma 1.3.26. Let R be a hyperring and S C R* a multiplicatively closed subset with 1. Consider

the set%. Then &% = 2 for everya € R and s,z € S.

Proof. By associativity and commutativity of the multiplication in R we have 1(az)s = la(sz).
Since 1 € S, we obtain that 2% = £. O

S
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The next theorem can be found in [IT]. We will show the proof of this result giving all the
details.

Proposition 1.3.27 (Theorem 3.1, [I1]). Let (R,+,-,0,1) be a hyperring and S C R* a multiplica-

tively closed subset with 1. Then % with operations

b
g Z—{—|y€at+bs}
a b _ab
st st

is a hyperring.
Proof. First of all we will show that the operations + and - on % are well-defined. Take ¢, Z—l, + lt’i S

% such that % = ‘;—i and % = %. Then there exist u,w € S such that uas, = uais and wbt; = wbqt.
We are going to show that ¢ + % =3+ lt’—l. We have
1 1

w(at + bs)s1t1 =(uasy)(wtty) + (ubty)(wssy) =
(uay s)(wtty) + (ubit)(wssy) = uvw(ayty + bysy)st

Now take ?yt €5+ % with y € at 4+ bs. From the last equation we have that there is z € a1t1 + b1s1

such that (vw)y(s1t1) = (uw)z(st), s ==-c ﬂ—i—%. Hence 2+2 C %—&—%. Similarly we show

ét S1t1 S1

that % + % C 2+ %. Thus, the hyperaddition is well-defined. Now we will show that multiplication

is well-defined. Since uas; = uajs and wbt; = wbqt, using commutativity of multiplication in R, we

have uwabsit; = vwaybyst. Thus, < - % = %’ = 2?11 = ‘;—i . bl , so multiplication is well-defined.

To show associativity we take £+, 92 % € %. We obtam

17 827 83

a a a b a:
(L +2)+ 2 = |bearsy+ams}+— = Y | y € bsg + azs1s2, b€ a1sa +azs1} =
S1 S9 S3 S$189 S3 518283
| y € (a1s2 + azs1)s3 + azs1s2} = { | y € a1s283 + (ags3 + agse)s1} =
515283 515253
c a a a
{ y | y € a18283 + ¢s1, ¢ € agss + azsz} = 7+{7 | ¢ € azss + agsa} = 71+(72+73)’
518283 S1 5983 S1 S92 S3
where we used distributivity and associativity in the hyperring R.
Commutativity of the hyperaddition is clear. Observe that the element = is a zero in . Indeed,
“ Yy ctatosy = {Y
-4+ -=1{= a+0s}t ={-}.
s 1 S Y s

Take ¢ € % and let % S % be such that

(=l

- €
1

This means that there exists u € S such that 0 = Osu = lyu = yu for y € at + bs. Hence,

0 = yu € atu + bsu, so bsu = —atu, i.e., % = =*. Thus, the unique inverse of % is =* =: —

f—{f|y€at+bs}

0 a
S t

a
s
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Now we will show that the reversibility axiom holds. Let ‘;—2 € ‘;—i + ‘;—5 This means that there is

Yy
8182 °

Y € a1S9 + assy such that ‘;—2 = Hence there exists u € S such that uass; sy = uyss. Moreover,

uagsyso = uyss € u(aise + az81)s3 = uai 283 + uas s S3.

Then

Ua2815S3 € UA3S1S2 — UA15253.

Hence, using Lemma [T.3.26] we have

a9 uags183 c uas a1852 as ay
S92 US18352 Uuss S281 S3 S1
. R . . . 0 - . .
This proves that g is a canonical hypergroup. Using Remark we have that 7 is a unique zero in
%, so we can denote 0 B = % The commutativity of the multiplication is clear. The multiplicative

identity is % The only axiom which is left to show is distributivity, i.e.,

ai ao as a; a ayp as
G0 0@y (@ 0
1 82 83 S1 82 S1 83
We compute
ap ,a2 as ai Y Y
= (2 2= =2 € ag83 + azsor = € ai(az83 + ass
. (52 33) . {3233|y 253 + azsa} {313233|y 1(azss + azs2)},
a; asg a1 as z z
[ — _— . ) = e - — 6 - s
(S1 )t (S1 53) Toa5s | 2 € ars1(azss + azs2)} {515253 | 2 € ax(azss + azs2)}
where in the last equality we used Lemma [1.3:26] This proves distributivity. O

Definition 1.3.28. The hyperring % is called a hyperring of fractions.
Definition 1.3.29. A local hyperring is a hyperring with a unique maximal hyperideal.

Lemma 1.3.30. (a) Let S be a multiplicatively closed subset of a hyperring R such that 1 € S and
S does not contain zero divisors. The map 1 : R — %, r = 1 18 a hyperring monomorphism.
R

The image (R) =: T is isomorphic to R.

(b) A hyperring R is local if and only if R\ R* is a hyperideal in R. Then R\ R* is the unique

mazimal hyperideal in R.

Proof. (a) Consider the mapping ¢ : R — % defined as a + ¢. We are going to show that ¢ is a
monomorphism of hyperrings. From the proof of Proposition we have that ¢(0g) = % =0 B
Take a,b € R. Then



Hence 1) is a strict homomorphism of hyperrings. Take § = % Then there exists u € S such that
ua = ub. Hence 0 € u(b— a), which means that there exists y € b — a such that 0 = uy. Since S has
no zero divisors and u # 0, we obtain that y = 0, which means that 0 € b — a. Hence a = b, so ¢ is
injective. The image 1(R) = £ is isomorphic to R. This finishes the proof of part (a).

(b) Let R be a local hyperring with unique maximal hyperideal M. Take any element a € R\ R*
and consider the set

(a) :=={ra|r € R}.

This is a proper hyperideal (see Lemma (a) and Remark [1.3.18]). Hence a € (a) C M by
Lemma [1.3.16] so R\ R* C M. The reverse inclusion is clear, since a proper ideal contains only

non-units by Lemma |1.3.14] Hence, M = R\ R*.
Let us assume now that R\ R* is a hyperideal. By Lemma|[1.3.14| we have I C R\ R* for every
proper hyperideal I. So the hyperideal R\ R* is the unique maximal in R.
O

Example 1.3.31. (a) Every valuation hyperring is a local hyperring (see Definition and
Lemma [3.1.8).

(b) Let R be a hyperring. If p is a prime hyperideal of R and S := R\ p, then R, := % is a
local hyperring with pRy, := {2 | p € p,s € R\ p} being its unique maximal hyperideal (see
Theorem 3.6 of [11]).

To prove that, we observe that S = R\ p is a multiplicatively closed subset with 1. Clearly
1¢p,soles. Let a,b €S and suppose that ab ¢ S. It means that ab € p and, since p is
prime, we conclude that a € p or b € p, which is a contradiction. Hence R, is a hyperring of
fractions by Proposition

Now we are going to show that pR, is a hyperideal in R,. Take £+, 22 € pR,. Then

81782
@+p2

-~ {L |y € p1sa +p2si}
S1 S92 5182

Since pq,p2 € p, we obtain that pis,p2s; € p and p1sy + pasy € p. Hence x +y C pR, for
every x,y € pRy. Take now ¢ € R, and £ € pRy,. Then

a p ap

s s

Since p € p and a € R, we have ap € p. Hence rx € pR, for every r € R, and = € pR,.
Moreover, 1g, = % ¢ pR,, because 1 ¢ p. So pR,, is a proper hyperideal in R,. Take s € R\ p
and observe that ¢ € Ry if and only if a ¢ p. Indeed, if a ¢ p, then a € R\ p, so 2 € R,,.
Hence, ¢ € Ry. To prove the converse, assume that ¢ € Ry. Then £ € R;. Suppose that
a € p. Taket € R\ p and % € R, such that % = 2. Then uba = uts for some u € R\ p.

Since a € p we obtain that uts € p. This is a contradiction, since u,t,s € R\ p and p is a
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prime hyperideal. Hence Ry, \ R, = pR,. From Lemma |1.3.30| (b) we obtain that R, is a local
hyperring with pR, being its unique maximal hyperideal.

Proposition 1.3.32. Let R be an integral hyperdomain. Then

R= (1 Rum,
MEMp

where Mg is the set of all mazimal hyperideals in R and where R is the hyperring of fractions

constructed as in Example|1.3.31] (b).

Proof. The inclusion R C (e, Bm follows from Lemma [1.3.30 (a). To prove the reverse
inclusion, suppose that there exists z € MeMy BTm \ R. Consider the following set:

I={zeR|zz€ R}

We will show that I is a proper hyperideal in R. Take x,y € I. Then xz € R and yz € R, so
(x—ry)z =2z —ryz C R. Hence, x —py C I. Take a € R. Then (az)z = a(zz) € R, so ax € I.
Moreover, 1 ¢ I, because z ¢ R. We have shown that I is a proper hyperideal in R. Hence, by
Lemma there exists Mo € Mg such that I C Mg. We can write z = £ € Ry, with 7 € R
and s € R\ M. Butthensz:%-gz%zgzreRbyLemma so s € I, which is a
contradiction because I C M. Hence, R = nMeMR R O

Lemma 1.3.33. Let R be a hyperdomain. Then Frac(R) := £

is a hyperfield.

Proof. Since R is a hyperdomain, the set R* contains no zero divisors, so it is a multiplicatively
closed subset. From Propositionwe know that Frac(R) is a hyperring. The only thing that we
need to show is that every nonzero element § € Frac(R)* has a multiplicative inverse. The inverse
is 3 € Frac(R)*. Indeed,

a b _a _1_,
b a - ab - 1 — 1Frac(R)>
where for the second equality we used Lemma [1.3.26 O

Definition 1.3.34. Let R be a hyperdomain. Then the hyperfield Frac(R) := 151 is called a

hyperfield of fractions.
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Chapter 2

Real hyperfields

2.1 Artin-Schreier theory for hyperfields

As was mentioned in Example hyperfields are a generalization of the notion of fields. Hence, it
is natural to ask which results from the classical Artin-Schreier theory of ordered fields (for reference
see [2], [22], [28], [12], [41]) are still valid for the theory of hyperfields. That first approach was done

by M. Marshall in [34]. In the following, we are going to recall terminology and results from that

paper.
Definition 2.1.1. Let F' be a hyperfield. A subset P C F' is called a positive cone if
p+pPCP, P-PCP, PNn-P=(, PU-P=F*
A hyperfield is called a real hyperfield if it admits at least one positive cone.
Example 2.1.2. Every real field can be turned into a real hyperfield by setting = + y := {z + y}.
Example 2.1.3. Consider the sign hyperfield S = R(g«)>. It admits the positive cone Pg-)2 = {1}.

Note that every real field is infinite. Indeed, suppose that K is a finite field and admits a positive
cone P. Since char K = p and 1 € P we obtain that

—1=1+...+1€P
————r
p—1 times

and this is a contradiction. However, as we have observed in the last example, there exist finite real
hyperfields. Let us prove the following general property of finite real hyperfields, which we will use

later.
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Lemma 2.1.4. Let (F, P) be a finite real hyperfield. Then
U 1+2=P
zEP

Proof. Suppose that there exists a € P such that a« ¢ 1+ x for any « € P. If a = 1, then
(1-1)NnP = 0. Since the set 1 — 1 is symmetric, we obtain that 1 —1 = {0}. The finite real
hyperfield F' is not a field, so we have a contradiction to Lemma [1.2.4

Since F* is a finite group, every element in this group has a finite order. Let ord(a) = n. The
assumption that a ¢ 1+ x for any z € P implies that (a —1)N P = 0. So 1 —a C P and this implies
that a—! — 1 C P. We observe:

al—-aCal-1+1—-aCP
Multiplying the last line by a we obtain 1 — a? C P. Hence =2 — 1 C P. Furthermore,
a?—-a=a?-141-aCP

Multiplying the last line by a? we have 1 — a® C P. Proceeding like this, after n steps, we obtain
that 1 —a” =1 —1 C P, which is a contradiction. O

Definition 2.1.5. Let F' be a hyperfield. A subset T' C F™ is called a prepositive cone if
T+TCT, T-TCT, (F*)*CT.

Proposition 2.1.6. Let F be a hyperfield and T a prepositive cone in F. Then:

(¢)-1¢T,

(b) T is a subgroup of F*,

(c) TN-T =0.

Proof. To prove (a) observe that if —1 € T, then 0 € 1 + (—1) C T, which is a contradiction to
T C F*. To prove (b) we observe first that 1 = 12 € T.. Moreover, ifa € T, thena™ = a-(a™1)? € T.

To prove (c) assume that there exists a € T such that a € TN —T. Then a € T and —a € T and
0 € —a+ a C T, which is a contradiction to T' C F™. O

A prepositive cone T is called mazimal if for any prepositive cone S we have that 7' C S implies
T = S. We will denote by X (F) the set of all positive cones in a hyperfield F' and by X' (F | T') the

set of all positive cones in a hyperfield F' which contain T'.

Example 2.1.7. Let F be a hyperfield such that —1 ¢ > (F*)%. Then > (F*)? is a prepositive
cone in F. Indeed, Y (F*)? is additively and multiplicatively closed and contains the set of nonzero
squares. If 0 € > (F*)?, then 0 € a2 + ... + a2 for ay, ...,a, # 0. This implies that

2 2 2
—aj €az + ... +a,
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and since a1 # 0,
as an %
-le (=) 4.+ (a—l)2 €Y (F*)?,

which is a contradiction to our assumption. Moreover, > (F*)? is contained in every positive cone

ai

P € X(F) (because positive cones are additively and multiplicatively closed).

Remark 2.1.8. In his paper Marshall dealt with structures called multifields. However, although
multirings and hyperrings are slightly different structures, it was mentioned in [16] that multifields
and hyperfields are the same thing.

The following results have been proved by Marshall in [34] and later extended in [I6] by Marshall
and Gtladki. However, the results in these papers are stated for positive cones and prepositive cones
defined as sets with 0 included (cf. the set Py in in Section 4.2 of this thesis). Hence, we give
alternative proofs of these results, using notions from Definition 2.1.1] and Definition 2.1.5

Lemma 2.1.9 (Corollary 3.3, [16]). Let F be a hyperfield and T a prepositive cone. Then F =T —T.

Proof. Clearly T'— T C F. To see the other inclusion, take any = € F'.

Assume first that = —1. Take any y € T. Then y +1 C T. Observe that —1 € y — (y + 1), so
thereisw € y+ 1 C T such that —-1ey—w CT —-T.

Now assume that x # —1 and take z € x + 1. Then 2z # 0 and

2e+1)?Ca®+1+2(1+1).

This means that there are s € 22+ 1 C T and t € 1 + 1 C T such that 22 € s + «t. That,
by the reversibility axiom, is equivalent to zt € 22 —s. We assumed t € T, so t # 0. Hence
zeZ —SCT-T. D

Lemma 2.1.10. Let T be a prepositive cone in a hyperfield F. Let a € F* be an element such
that —a ¢ T'. Then the set T + aT := {J, ;e (s + at) is also a prepositive cone in F'. Moreover,
TCT+al andaecT +aT.

Proof. 1f 0 € T + aT', then there are s,t € T such that 0 € s + at. Hence —a = # € T, which is a
contradiction to the assumption. Hence T' 4+ aT C F*. Take s1, s2,t1,t2 € T. We obtain

(s1+aty) + (s2 +ata) = (s1 4 s2) +a(ty +t2) €T+ aT,
(51 + atl) . (52 + atg) g (5152 + a2t1t2) + a(t132 + Sltg) Q T -+ al.

From Lemma [2.1.9 we know that a € s — ¢ for some s,t € T. Then s € t +a. Since s € T C F™*, we
have 1 € % + ¢. Take any u € T'. Multiplying the latter by u, we obtain u € % uta-y CT+al.
Hence T C T + aT and since (F*)? C T, we have (F*)2 C T C T + aT. This proves that T + aT is
a prepositive cone. From Lemmawe know that % € s —t for some s,t € T. Then 1 € as — at.
From the reversibility axiom, as € 1+ at. Multiplying the latter by %, we have a € % +a- % CT+al.
This finishes the proof. O
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Proposition 2.1.11 (Lemma 3.3, [34]). Let F be a real hyperfield. A maximal prepositive cone in

F' is a positive cone in F'.

Proof. Let F' be a hyperfield and 7" a maximal prepositive cone in F. We will show that T is
a positive cone. Clearly, T is additively and multiplicatively closed. We have already proved in
Proposition 2.1.6] that T'N —T = (). Tt is left to show that T U —T = F*. Let a € F’* be such that
—a ¢ T. By Lemma we know that T+ aT' is a prepositive cone in F' such that T C T + aT'.
Since T is assumed to be a maximal prepositive cone, we obtain that T'=T + aT. It follows from
Lemma [2.1.10| that @ € T+ aT = T. This completes the proof. O

Corollary 2.1.12. Every prepositive cone T in a hyperfield F' is contained in some positive cone
PeX(F).

Proof. Consider a chain (T});c; of prepositive cones containing a prepositive cone 7. The union
T;, then if follows from the chain property
T; C F* and

Uie; Ti is again a prepositive cone. Indeed, if a,b € (J,;
that for some j € I we have a,b € T;. Then a+ b C T; and ab € T;. Moreover, J
(F*) ST C U, T

From Zorn’s Lemma, there exists a maximal prepositive cone in F', which, by Proposition 2.1.11]

iel

is a positive cone. ]

A classical variant of the following theorem is one of the fundamental results in the theory of
ordered fields. It links the existence of an order relation in a field to the purely algebraic properties
of that field. It was proved by E. Artin and O. Schreier. The analog for hyperfields was proved by
Marshall.

Theorem 2.1.13 (Lemma 3.3, [34]). A hyperfield F is real if and only if —1 ¢ >_(F*)2.

Proof. Suppose that —1 € Y (F*)? and that F' admits a positive cone P. Since > (F*)? C P for
every P, we obtain —1 € P. Then 1 € PN —P, which is a contradiction.

Assume now that —1 ¢ >"(F*)2. Then Ty := >_(F*)? is a prepositive cone, as we have proved
in Example From Corollary we know that there exists a positive cone P which contains
. 0

Example 2.1.14. Consider the Krasner hyperfield K from Example [[.2.9} Since 0 € 1 + 1, we have
that —1 = 1. Thus, —1 € > (F*)2, so K is not real.

The following lemma will be useful later:

Lemma 2.1.15. Let F be a real hyperfield. Then

0cal+..+a2=a=..=a,=0.
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Proof. If a1 = ... = a,, = 0, then a? + ... + a2 = {0}. To see the other inclusion, suppose that

0 € a? +...+a2 and not all a; are zero. Without loss of generality we can assume that a; # 0. Then
fa% € a% + ... +ai

and since a; # 0,
a3z

L () ()P € 3,

which is a contradiction to Theorem 2.1.13 O

Theorem 2.1.16 (Proposition 3.4, [34]). Let F be a real hyperfield. For any prepositive cone

TCF,
T = ﬂ P.
PeX(F|T)

Proof. A prepositive cone T is clearly contained in the intersection of positive cones P € X (F | T).
To prove the reverse inclusion, assume that a ¢ T. We have to show that there exists a positive
cone P € X(F | T) such that a ¢ P. By Lemma the set T'— aT is a prepositive cone such
that T C T — aT and —a € T — aT. By Corollary 2.1.12] there exists a positive cone P such that
T —aT C P. Hence —a € P and therefore a ¢ P. O

Corollary 2.1.17. Let F be a real hyperfield. The set Y (F*)? is the intersection of all positive
cones P € X(F).

Proof. Observe that > (F*)? is a prepositive cone contained in every positive cone P by Example

Using Theorem [2.1.16] we obtain the statement. O

Proposition 2.1.18 (Remark 3.2, [26]). A hyperfield F is real if and only if there exists a nontrivial
homomorphism of F' into the sign hyperfield S.

Proof. Let P be a positive cone of F'. Consider the map ¢ : F — S defined as follows:

1 ifae P,
#la)=¢0 ifa=0,
-1 ifae—-P

This is a nontrivial homomorphism of hyperfields. To prove the converse, assume that we have a
nontrivial homomorphism of hyperfields ¢ : F' — S. Suppose that F' is not real. Then —1 € > (F*)?
by Theorem [2.1.13] Observe that from axioms (HH2) and (HH3) of Definition we have

¢(-1) € ¢(ai +...+a}) C p(al) + ...+ ¢(as) = {1}

for some aq,...,a, € F*. Hence, ¢(—1) =1 and this is a contradiction to Propositionm Thus,
F' is a real hyperfield. O
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Let F be a hyperfield and A C F a subset of F. We define the set
(Ay:={ceF|ce) a,neNac]]A},
i=1

where [] A is the set of all finite products of elements from A.
The next lemma has been proved for real fields in [27]. We state and prove an analogous result

for hyperfields.

Lemma 2.1.19. Let F be a real hyperfield and A C F. The following conditions are equivalent:
(a) there exists P € X(F) such that A C P,

(b) 0¢ (AU (F")?),
(c) (AU (F*)?) is a prepositive cone in F.

Proof. To show that (a) implies (b) assume that A C P for some P € X(F). Then AU (F*)?2 C P,
because (F*)? is contained in every positive cone in F. Since P is additively and multiplicatively
closed, (AU (F*)?) C P. Hence, 0 ¢ (AU (F*)?). To show that (b) implies (c), assume that
0 ¢ (AU (F*)?). Observe that (AU (F*)?) is additively and multiplicatively closed and (F*)? C
(AU (F*)?). Hence, (AU (F*)?) is a prepositive cone in F. The fact that (c¢) implies (a) follows
from Corollary 2.1.12] O

The following lemma is a classical result in topology, stated e.g. in Section 3 in [44].

Lemma 2.1.20 (Alexander’s Compactness Theorem). If a topological space X has a subbasis S of
X such that from every cover of X by elements of S, a finite subcover can be selected, then X is

compact.

One can introduce a topology on X (F') by taking a subbasis given by the sets
H(a)={P € X(F)|ac P}.
Moreover, such topology has the following, interesting properties.

Theorem 2.1.21 (Proposition 3.1, [34]). Let F be a hyperfield. Then X (F) is a Boolean topological

space, i.e., a totally disconnected, compact Hausdorff space.

Proof. Observe that H(0) = @ and for every a € F* the open set H(a) has the complement H(—a),
which also is open. Hence every open set is clopen, and this shows that X (F) is totally disconnected.
Moreover, take two distinct positive cones P, P, € X(F) and any a € P; \ P». Then P, € H(a)
and Py, € H(—a) and H(a) N H(—a) = 0. Thus X(F) is a Hausdorff space. It is left to show that
X (F) is compact. To this end, we will use Lemma [2.1.20] Consider a cover of X(F) by elements
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of the subbasis, i.e., X(F) = J,c4 H(—a) for some A C F*. Then (.4 H(a) =0, so there is no
positive cone P € X(F) such that A C P. From Lemma we obtain that 0 € (AU (F*)?).
Hence, we have that 0 € ayz1 + ... + ap®y + Tpe1 + ... + 2, for some a; € [[A,i € {1,...,n}
and z; € (F*)%,j € {1,...,k},k > n. Let B := {a1,...,a,}. Then 0 € (B U (F*)?), so by
Lemma there is no positive cone P € X(F) such that B C P. Thus, (", H(a) = 0, so
X(F) = U,ep H(—a). Since B is finite, we have found a finite subcover of X'(F) given by the

subbasis sets. O

The topology on X (F') described above is called the Harrison topology.

2.2 Real factor hyperfields

In this section we restrict our attention to real factor hyperfields. Factor hyperfields are introduced
in Theorem We will prove a criterion for a factor hyperfield K7 to be real.

Lemma 2.2.1 (Lemma 3.3, [26]). Let K be a real field with a positive cone P. Let T be a
multiplicative subgroup of K* such that T C P. Consider the factor hyperfield Kt = {[a]r | a € K}.

(a) We have a € P if and only if [a]r C P.
(b) The set Pr :={[a]r | a € P} is a positive cone in Kr.

(c) Let Q be a positive cone in Kp. Then the set

Q= ldr
[]reQ

s a positive cone in K such that T C C~2

Proof. (a) Since T C P, we obtain that at € P for every a € P and every t € T. Hence
[a]r = {at |t € T} C P. The reverse implication is trivial.
(b) Take a,b € P. Then

[alr + [b]r = {[as + bt]r | s,t € T'}.

Since T C P, we have that s,t € P for every s,t € T. Hence as + bt € P and [a]r + [b]r C Pr.
The fact that [a]7 - [b]7 € Pr follows from the fact that ab € P. So the axioms Pr + Pr C Pr and
Pr - Pr C Pp are shown. Assume that there is [a]r € K7 such that [a]r € Pr N —Pp. Then a € P
and —a € P, which is a contradiction. Hence Pr N —Pr = ). Finally, let [0]7 # [a]r ¢ Pr. This
means that a ¢ P, hence —a € P and —[a]y = [—a|r € P. This proves that Pr U —Pp = (Kp)*.
(c) Clearly @ CK. Wehave T =[l]r € Q,s0T C @ Pick a,b € @ Then [a]r, [b]r € Q and

since @) is a positive cone in K, we have [a + by € [a]r + [b]r € Q, so a+b € @ Moreover,
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[ablr = [a]T - [b]T € Q, so ab € Q. This shows that Q + Q C Q and Q- Q C Q. Take a € K*. If
[a]7 € Q, then a € C~2 If —[a]pr = [—a]r € Q, then —a € @, so a € f@. This proves @ U f@ = K*.
Finally, assume that @ € Q N —Q. Then there exist []r € Q such that a € [d]r and [d]r € —Q
such that a € [d]r. From the construction of a factor hyperfield, we obtain that [a]7 = [c]r and
[a]7 = [d]7. This means that [a]p € Q N —Q, which is a contradiction. Hence Q N —Q = (). This
proves that @ is a positive cone in K and T C @ O

Theorem 2.2.2. Let K be a real field and K1 a factor hyperfield, where T  C K*. Then the
functions
U:X(K|T)— X(Kr) Ul X(Kr) — X(K | T)
P Pr Q—Q

are bijections and inverses of each other, where

Pr={[dr|ceP} and Q= |J [dr
l[clre
Proof. If P € X(K | T), then Pr € X(Kr) by Lemma (b). We are going to show that ¥
is a bijection. To prove that this map is injective, take P,@Q € X (K | T') such that P # @ and
let a € P\ Q. Then —a € @Q, so —[a]r = [—a]r € Qr. On the other hand, [a]r € Pp. Therefore,
Pr #Qr.
To prove that U is surjective, take @ € X' (Kr). We claim that \Il(@) = @, where

Q= U ldr

[dlre@

By Lemmam (c) we know that Q € X(K | T). Using the fact that [ty = [¢]7 for any ¢ € T and

for any ¢ € K, we compute
VQ) ={ldrlceQt={ldrlce |J ldir}={ldr|ec=dtldrcQteT}={ldr]|[drcQ}
[dlreQ
Hence ¥ is a bijection. It is left to show that U~! is the inverse function to W. Assume that
Pe X(K|T). Then
P =v(Pr)= | [dr=Jldr={ct|cePteT}CP
[cJrePr ceP

where in the last inclusion we use the fact that T C P and P is multiplicatively closed. Moreover,
using the fact that 1 € T, for every ¢ € P we have alsothat c = ¢:1 € {ct | c € P,t € T} = V=1 (¥(P)),
so U~1(¥(P)) = P. Finally, since the inverse function to a bijection is a bijection, we conclude that

U1 is also a bijection. O

From the last theorem we conclude the following.
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Corollary 2.2.3 (Theorem 3.4, [26]). Let K be a field and T' a subgroup of K*. Then
| X (Kr)| = [X(K[T)|.
In particular, X(Kr) # 0 if and only if X(K|T) # 0.

Example 2.2.4. Consider the sign hyperfield S = R(g-)=. We have seen in Example that S is
a real hyperfield with the positive cone P> = {1}. Since the set (R*)2 is the unique positive cone
in R, from Corollary we have that Pr+)> = {1} is a unique positive cone in S.

Example 2.2.5. Consider the factor hyperfield F' := Qqg~)2, where (Q*)? denotes the set of nonzero
squares of rational numbers. The field of rational numbers is real and it admits a unique positive
cone Q7 associated with its natural ordering. Since the set (Q*)? is contained in QF, we obtain

that F is real with a unique positive cone Pg«y2 = {[a]g+)2 | a € QT }.

In the next example we use facts and constructions derived from the theory of real closed fields
and its connection to valuation theory. Let us give a brief survey on the results which we will use.
Let K be a real field and take P € X(K). For a € K we define

' a ifae PU{0k}
lol+= —a ifae—P.

We say that two elements a,b € K are archimedean equivalent if there exists n € N such that

nla| — |b] € P and n|b| — |a| € P. One can check that archimedean equivalence is an equivalence

relation. We denote by a the archimedean class of a € K. Define an ordering < on the set

I':={a|ae€ K} as follows:

a<b <= |a|—|b| € Panda#b. (2.1)

With this ordering and the operation a + b := ab we have that T is an ordered abelian group. The
function vp : K — I'U {00} defined as a +— a if a # 0 and Ox — oo is a valuation on the ordered
field K and is called the natural valuation induced by P. It is a nontrivial valuation if and only if K
is non-archimedean ordered with respect to P, i.e., there exist a,b € K* such that |a| — n|b| € P for
every n € N. In such a situation we say that a is archimedean larger than b (and b is archimedean
smaller than a). Note that different positive cones in K may induce the same natural valuation.

A real closed field is an ordered field which has no proper algebraic extension that is real.

For a general reference on orderings, valuations and real closed fields, see e.g. Section 2 of [28]
and [22].

Example 2.2.6 (|26], Example 3.6). Consider a non-archimedean ordered real closed field R with
its unique positive cone P := (R*)2. Let < be the ordering associated with P and let v be the
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natural valuation associated with P. Denote by A(P) the valuation ring associated with v and by
I(P) its unique maximal ideal. Let E*(R) := A(P)* N P be the set of positive units of A(P). Then
E*(R) is a subgroup of R*. Consider the factor hyperfield F' := Rpg+(g), which we will call the
hyperfield of pairs. Observe that for a,b € R* we have

[a]E+(R) = [b]E*’(R) = g € E+(R) = 1}(

b g) =0 and Sgn(%) =1 < v(a) = v(b) and sgn(a) = sgn(b),

b

where sgn(a) is the sign of a in the unique ordering of R. Hence, we can identify nonzero elements
of F as

[a] p+(r) = (sgn(a),v(a)).
Since ET(R) is a subgroup of positive elements of R, we obtain by Corollary that F is
a real hyperfield and has a unique positive cone. Moreover, by Theorem [2.2.2] we obtain that
Pg+ry ={(1,7) | v € T'} is precisely this positive cone.

Usmg the definition of multiplication in factor hyperfields, for elements from F* we obtain

(sgn(a), v(a)) - (sgn(b), v(b)) = (sgn(ab), v(ab)) = (sgn(a) - sgn(b), v(a) + v(b)).

Moreover, multiplication by [0] g+ gy results in [0] g+ (gy. The element (1,0) is the neutral element
for multiplication and the multiplicative inverse for (e,v) € F* is (e, —v).
Take a,b € R. Then

[a] g+ (r) + b g+ (r) = {las + bt]g+(r) | 5,6 € ET(R)}.

We are going to show that the results of hyperaddition are the following:

(Ly1) + (1,72) = {(1, min{y1,72})} 7,72 €T
(=1,7) + (=1,72) = {(=1, min{y1,72})} Y1,72 €T
(L) + (=1,72) = {(1, )} Nn<rel (22
(L,m) + (=1,72) = {(-=1,72)} m>v el
(Ly)+(=1,7) ={(e,8) | e {~=1,1},6 2 v} U{[0] pr) } yerl

To see the first equality, assume that sgn(a) = sgn(b) = 1 and let v(a) = v and v(b) = 72. We
obtain sgn(as + bt) = 1 for all s,t € ET(R) since sgn(s) = sgn(t) = 1. Obviously, v(s) = v(t) = 0.
We use the following property of the natural valuation on a field (see e.g. Theorem 2.3 in [28]):

sgn(a) = sgn(b) = v(a + b) = min{v(a), v(b)}. (2.3)

Hence, we obtain v(as + bt) = min{v(as),v(bt)} = min{v(a),v(b)} = min{~y1,~2}, which proves
the first equality. The proof of the second equality is similar. To prove the third equality, take
a,b € R such that sgn(a) = 1, sgn(b) = —1 and v; = v(a) < v(b) = 2. Take any s,t € E*(R).
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Then v(as) = v(a) < v(b) = v(bt), hence by [2.1), as + bt = as — (—bt) = |as| — |bt| € P. Hence,
sgn(as + bt) = 1 and v(as + bt) = min{v(as),v(bt)} = v(as) = v(a) = 1. The proof of the fourth
equality is similar.

Take now a € R such that v(a) = 7. Then

[+ (ry + [~alp+(r) = {[as — allp+(r) | 5, € ET(R)}.

We have v(as — at) = v(a) + v(s — t) > v(a) + min{v(s),v(t)} = v(a) = v. Hence [a]g+g) +
[—alg+(mr) C {(e,0) | e € {=1,1},0 > v} U{[0] g+(r)}- To prove the reverse inclusion, take § > ~.
Since v is surjective, there exists some b € R such that § = v(b). Moreover, we can choose b in such
way that ba=1 > 0 (if ba=! < 0, then we take —b instead of b). We have v(ba=!) =§ — v > 0 and
hence 1+ ba~! € ET(R). Taking s =1+ ba~! and ¢t = 1, we obtain v(as — at) = v(b) = 6. Note
that sgn(as — at) = —sgn(at — as), so the set is symmetric around [0] g+ (g). This proves the reverse
inclusion and finishes the proof of the equalities in .

The additive inverse of the element (e,y) € F* is (—e, ). Indeed, (e,7) + (—e,v) = {(e,d) | e €
{-1,1},6 2 v} U{{0ler) } 2 [0]eR)-

Consider the subset S := {(—1,0),[0]g+(g),(1,0)} € F. For a,b € S, we have that ab € S
and (S, +s,, [0]g+(r)) is a hyperring, where a +5 b := (a +b) N S. Thus, S is a subhyperring of
F. Note that S is not a strict subhyperring of F. Indeed, since R is non-archimedean ordered we
have that I(P) # {0}. Thus, there exists an element a € P\ ET(R) such that v(a) =& > 0. So
[a]g+(r) € Pe+(r), [a]lg+r) # (1,0) and [a]g+ gy € (1,0) 4 (—1,0). Hence S C (1,0) + (—1,0).

Finally, let S be the sign hyperfield. Consider the map ¢ : S — S defined as follows: 1 —
(1,0), =1+ (—1,0) and 0 + [0] g+ (g). Since ¢ is a strict, bijective hyperring homomorphism, we
can identify the set S with the sign hyperfield. Thus, the sign hyperfield is a subhyperfield of F'.

The hyperfield of pairs, described in the last example, is a stringent hyperfield. In fact, we have
a more general result about the real stringent hyperfields. Recall that by Theorem [I.2.16] every
stringent hyperfield is of the form H x G, where H is either the Krasner hyperfield K or the sign
hyperfield S or a field.

Proposition 2.2.7 (Proposition 3.13, [36]). A stringent hyperfield F = H x G is real if and only if
H=S orH is a real field.

Proof. We will show that F' = H x G is real if and only if H is real. Assume that H is real with a
positive cone P. We are going to prove that the set Pr := {(z, g) | « € P} is a positive cone in F. Take
(x1,91), (x2,92) € Pr. If g1 > go, then (z1,¢1) + (22, 92) = {(z1,91)} C Pr. Analogously, if g2 > ¢1,
then (z1,91) + (z2,92) = {(22,92)} C Pr. Observe that the situation Oy € z1 +g x2 is impossible,
since 21 +g 2 C P. Hence, if g1 = g2, we obtain (z1,91) + (22,92) = {(y,9) | 2 € 1 +m x2} C Pp,
since 1 +u x2 C P. Moreover, (z1,91) - (z2,92) = (x1 'm T2, g1 +¢ g2) € Pr, because x1 ‘g x2 € P.
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The facts that Pr N —Pr = () and Pr U —Pp = F* follow from the same properties of P. Hence,
Pr is a positive cone in F, i.e., F' is real. To prove the converse, assume that F' is a real hyperfield.
By Proposition [2.1.18] there exists a nontrivial homomorphism of hyperfields ¢ : F — S, where S is
the sign hyperfield. Define a hyperfield homomorphism ¢ : H — F given by

(a50>7 ifa#ole
0, if a = Op.

p(a) =

Then ¢ is injective and the composition ¢ o ¢ is a nontrivial homomorphism of H into S. Thus, from
Proposition [2.1.18] it is a real hyperfield.

From Theorem [I.2.16 we know that every stringent hyperfield is of the form H x G, where H = K
or H=S or His a field. From Example [2.:2.4] and Example [2.1.14 we know that S is a real hyperfield,
while K is not. Hence, we conclude that the only possibilities for H to be real are H =S or H to be
a real field. This completes the proof. O

One could think that every real hyperfield is a factor hyperfield. Let us present an example of a
real hyperfield which is not a factor hyperfield. First, we will need the following theorem which was
proved by V. Bergelson and B. Shapiro in [5] and by D. Turnwald in [45].

Theorem 2.2.8. If K is an infinite field and G is a subgroup of K* of finite index, then G—G = K.

Now we will use the idea of M. Baker and T. Jin from [3] to prove that the following hyperfield
is not a factor hyperfield.

Example 2.2.9 (J20], Example 4). Consider the set F' = {—a? —a,—1,0,1,a,a?} and its subset
P :={1,a,a®}. We define on F the following hyperaddition:

[~ = [ - [ -+ [ o] v | o [ & |
—a? {-1,—a} -P -P {—a?} F* F* F\ {a?, —a?}
—a -P {-1,—a?} -P {—a} F* F\{a,—a} F*
-1 -P -P {—a,—a?} {=1} | F\{1,-1} F* F*
0 {—a®} {—a} {13 {o} {1} {a} {a®}
1 F* F* F\{1,-1} {1} {a,a?} P P
a F* F\{a,—a} F* {a} P {1,a?} P
a? F\ {a?, —a?} F* F* {a?} P P {1,a}

and multiplication:

L[] af-tfo] 1 [alfa]
—a? a 1 a? 0| —a? —1 —a
—a 1 a? a 0 —a —a? —1
-1 a? 1 0| -1 | —a | —a?
0 0 0 0 0 0 0 0

—a? —a -1 0 1 a a?
a -1 —a? —a 0 a a? 1
a? —a -1 —a? 0 a? 1 a




Then A; := (F,+,-,0,1) is a hyperfield. Moreover, F is real since P is its positive cone. Suppose
that A; is a factor hyperfield for some field K and a multiplicative subgroup T in K*. From
Corollary 2.2.3] we have that K admits a positive cone. Hence, K is a real field, i.e., it is infinite.
Moreover, the index of 7" in F™* is 6, hence finite. Thus, from Theorem 2:2.§ we have that T —T = K,

so in particular, 1 € 1 — 1. This is a contradiction.

It is natural to ask whether there exists also an infinite real hyperfield which is not a factor
hyperfield. Note that all examples of infinite hyperfields we have already seen are factor hyperfields.

Unfortunately, at the moment this question remains open.
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Chapter 3

Valued hyperfields

The first hyperfields considered by M. Krasner in [24] were of a very particular form. In fact they
were factor hyperfields Ky v, where K is a field with valuation v and M7 = {a € K | v(a) > v},
where «y is an initial segment in the value group v(K™*). These hyperfields inherit a valuation
from K. Hence, the first hyperfields were valued hyperfields. However, the definition of a valued
hyperfield given in [24] (and later repeated in [29]) is very restrictive. In [II] B. Davvaz and A.
Salasi introduced a more general definition of a valuation on a hyperring. We will use this definition
for our results.

The valuation in the sense proposed by Davvaz and Salasi is a map from a hyperring (or a
hyperfield) into an ordered abelian group. In [37] K. H. Mirdar Harijani and S. Anvariyeh were
dealing with a hypervaluation, which is a map from a hyperfield onto an ordered canonical hypergroup.
However, it was proved in [30] that every hypervaluation in the sense introduced by Mirdar Harijani
and Anvariyeh can be decomposed into an order preserving homomorphism of hypergroups and a

valuation in the sense proposed by Davvaz and Salasi, which induces the same valuation hyperring.

3.1 Valuations and valuation hyperrings

The following definition was given originally for hyperrings as Definition 4.2 in [II]. We use it to

define a valuation on a hyperfield:

Definition 3.1.1 (Definition 4.1, [26]). Let F be a hyperfield and let T be an ordered abelian
group (written additively). A surjective map v : F' — I'U {00} is called a wvaluation if it satisfies the

following properties for all z,y,z € F"
(V1) v(z) =00 & a2 =0,

(V2) v(zy) = v(z) + v(y),
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(V3) z€x+y=v(z) > min{v(z),v(y)}.

Lemma 3.1.2 (Lemma 4.3, [I1I], Lemma 4.5, [26]). Let v : F' — I' U {o0} be a valuation on a
hyperfield F. Then for every x,y,z € F':

(a) v(1) =v(-1) =0,

(b) v(z) = v(-w),

(c) v(z™t) = —v(z),

(d) if v(z) # v(y) and z € z +y, then v(z) = min{v(x), v(y)}.

Proof.  (a) From axiom (V2), v(1) = v(1-1) = v(1) +v(1), so v(1) = 0. Moreover, 0 = v(1) =
v((=1) - (=1)) = v(=1) + v(—1), which implies that also v(—1) = 0.

(b) For any = € F, we have v(—x) = v(—1) + v(z) = v(z), where we used part (a) and axiom
(V2).

(c) For any x € F*, 0 = v(1) = v(z - 271) = v(x) + v(z~!), where we used part (a) and axiom
(V2). Hence v(z~!) = —v(x).

(d) Without loss of generality, assume v(z) < v(y) and let z € z + y. By axiom (V3) we obtain

that v(z) > min{v(z),v(y)} = v(x). From the reversibility axiom, x € z — y, so
v(z) = min{v(2), v(-y)} = min{v(z), v(y)} = v(x),

where we used part (b) and axiom (V3). Hence, v(z) = min{v(z),v(y)}. Since v(z) # v(y),
we conclude that v(z) = v(z).
O

Let F be a hyperfield and v : F — I' U {oc} a valuation on F. Then we denote the value group
by v(F*). If v(F*) = {0}, we say that v is the trivial valuation.

Lemma 3.1.3. Every finite hyperfield admits only the trivial valuation.

Proof. If a hyperfield is finite and admits a valuation v, then the value group v(F™*) is also finite.

The only finite ordered abelian group is the trivial one. O

Example 3.1.4. The sign hyperfield S, the Krasner hyperfield K and the hyperfield A; from
Example 2:2.9] admit only trivial valuations.

Example 3.1.5. Another example of trivially valued hyperfields are Massouros hyperfields. Let v
be a valuation on a Massouros hyperfield F. Since 1 +1 = F\ {1}, we obtain from axiom (V3) and
Lemma [3.1.2] (a) that v(z) > 0 for every x € F. Assume that there exists € F such that v(z) > 0.
Then v(z~!) < 0 by Lemma (¢), which is a contradiction. Hence v is the trivial valuation.
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The results in this section follow from [26]. However, for the reader’s convenience, we will recall

the proofs.

Definition 3.1.6 (Definition 4.6, [26]). Let F be a hyperfield. A subhyperring O of F is called a

valuation hyperring if for every x € F we have x € O or 27! € O.

Proposition 3.1.7 (Proposition 4.7, [26]). A wvaluation hyperring of a hyperfield F is a strict
subhyperring in F.

Proof. Take x,y € O. We need to show that z —y C O. Take z € x — y and suppose that z ¢ O.
Then z~! € O and thus zz71, 527! € O. Since z € x — y, from the reversibility axiom, we obtain

x € z+y. Now, using axiom (R3), we have

2l e(zty)z =14y
Hence,
2zl e(l4+y2"HNO=140pyz" "

Again, by axiom (C4) we obtain

lezzt —o yz_l.

Using axiom (R3) we have
ze€x—oy=(x—y)NO,
which, in particular, means that z € O. O

Lemma 3.1.8 (Lemma 4.8, [20]). Let O be a valuation hyperring in a hyperfield F. Then O is a
local hyperring with M := O\ O being its unique mazximal hyperideal.

Proof. We are going to show that M is a hyperideal in F. Take r € O and a € M. If ra ¢ M,
then ra € O, so there exists s € O such that 1 = s(ra) = (sr)a with sr € O. Hence a is invertible,
which is a contradiction.

Take a,b € M. We may assume that ab=! € O (otherwise ba=! € O). Then 1 —ab~! C O, since
by Proposition [3.1.7] O is a strict subhyperring in F. Thus,

b—a=>b1—-ab"')C M,

by the first part of the proof. By Lemma|1.3.30| (b), O is a local hyperring.
O

Definition 3.1.9 (Definition 4.9, [26]). Let F be a hyperfield, O a valuation hyperring in F' and
M its unique maximal hyperideal. The quotient hyperring F := O/M is, by Proposition |1.3.24 a
hyperfield. It is called the residue hyperfield.
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Proposition 3.1.10 (Proposition 4.11, [26]). Let v be a valuation on a hyperfield F. Then
O, :={x € F | v(z) > 0} is a valuation hyperring of F' and M,, := {x € F | v(x) > 0} is the unique

maximal hyperideal in O,.

Proof. First we will show that O, is a subhyperring in F. Take x,y € O and consider any z € = + y.
Using axiom (V3), we obtain v(z) > min{v(z),v(y)} > 0, which shows that = +y C O,. Moreover,
by axiom (V2), we have v(zy) = v(z) + v(y) > 0. Hence zy € O,.

Now we show that O, is a valuation hyperring. Take x € F. If z ¢ O,, then v(x) < 0. Hence,
by Lemma [3.1.2) (c), v(z~!) > 0. Thus 27! € O,.

Observe that M, = O, \ 0. Thus, by Lemma the set M, is the unique maximal
hyperideal in O,. O

Proposition 3.1.11 (Proposition 4.12, [26]). Let F' be a hyperfield and O a valuation hyperring in
F. Let O be the group of units of O. Consider the group T' := F*/O* and define a relation < on
I as follows

a0* <bO* < ba ' €O.

Then (T, -, <) is an ordered abelian group and the canonical projection 7 : F — I' U {oo}, extended

so that 7(0) = oo, is a valuation on F. Moreover, O = O,.

Proof. We will start with showing that < is well-defined. Take a1O* = a2O*,b;O* = byO* and
assume that a1 O < b;O*. We wish to show that asO* < boO*. We have that bgbfl, alagl e O~
and bia; ' € O. Then

baay ' = boby ! -bray! -arayt € O.

Thus, asO* < byO*. Now we will prove that < is a non-strict linear order. Since aa™! =1 € O,
we obtain that aO@* < aO*, so the relation is reflexive. To show antisymmetry, take aO*, 0> € T’
such that aO* < bO* and bO* < aO*. Then ba~! € O and (ba=1)"! = ab~! € O, hence
ba~t € O*. So aO®* = bO*. Take now aO0*,bO*,cO* € I’ with aO®* < bO* and bO* < cOX.
Then ba=',cb=! € O. We compute ca™ = (¢b™!) - (ba™!) € O, which implies that aO* < cO*.
Thus < is transitive. Moreover, the relation is total, because ab™' € O or ba™' € O for every
a,be F*.

We will prove that the relation < is compatible with the group operation. Take aO* < bO* and
cO* €T. Then ba=! € O and ba~! = (be)(ac)~t. Thus acO* < bcO*.

Finally, we will show that 7 is a valuation. The map 7 is a surjection onto I' U {oc} and the
axiom (V1) clearly holds. Moreover, 7(a) - w(b) = aO* - bO* = abO* = 7(ab), so the axiom (V2)
also holds. To show the axiom (V3), take ¢ € a + b and assume that 7w(a) < 7(b). If b = 0, then
clearly 7(c) = m(a). If b # 0, then also a # 0 and ba~! € O. Hence

ca”t €(a+bat=1+ba" CO,
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where in the last inclusion we used the fact that O is a strict subhyperring, which follows from
Proposition We obtain that 7(c) > m(a), so the map 7 is a valuation.

To prove the last assertion, observe that
€0, 20" >10" @z c0.
This proves that O, = O. O

We finish this subsection with two lemmas which will be useful later.

Lemma 3.1.12 (Lemma 4.10, [26]). Take a hyperfield F and two valuation hyperrings O1, Os in
F. Let M; be the maximal hyperideal of O; for i =1,2. Then

01 C Oy & My C M.

Proof. Let v; be the valuation associated with O, for i = 1,2. We have F = O,U(M)~!, where
(M)t = {z € F* | v;(z) < 0}. Thus, (M )"t = F\ O, for i = 1,2. If O; C O,, then

K3

F\ Oy CF\O;. Hence (M3)~t C (M{)~L. For z € F* and using Lemma (c), we have

(reMHt=2e (MO & (va(x) <0 = vi(z) <0)

S >0=n@ >0 e (@ e My=at e My).
The latter is equivalent to My C M;. O

Lemma 3.1.13. Let F be a hyperfield and O1 a valuation hyperring of F. If O1 C Oy and O is a

subhyperring in F, then Oy is also a valuation hyperring.

Proof. Take any € F and let Oy be a subhyperring in F. Then z € O; or 7! € O;. Since
01 C Oy, it is true that z € Oy or 271 € Oy. Hence O, is a valuation hyperring in F. O

3.2 Valued factor hyperfields

Now we are going to investigate valued factor hyperfields.

Lemma 3.2.1. Let K be a field with a valuation ring O. Let K be a factor hyperfield, where
T C K* is a multiplicative subgroup in K and T C O*.

(a) We have ¢ € O if and only if [c]r C O.
(b) The set Op = {[c]r € K1 | c € O} is a valuation hyperring in Kp.
(¢) Let A be a valuation hyperring in Kr. Then the set A:= {c € K | [c]r € A} is a valuation

ring in K and T C A*.
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Proof. (a) Since T C O, we obtain that ¢t € O for every ¢ € O and every t € T. Hence
[c]r ={ct |t €T} C O. The reverse implication is trivial.

(b) We will show first that Or is a strict subhyperring in Kp. Take [a]r, [b]r € Or. Then
[a]r — [b]T = {[as — bt]r | s,t € T'}. Observe that at — bs € O for every s,t € T, since a,b € O by
part (a). Hence, [a]r — [b]r € Or. Moreover, [a|r - [b]r = [ab]r € Or, because ab € O. Hence, Or is
a strict subhyperring in K7. Take now [c]r € K7. If ¢ € O, then [c]r € Or. If ¢ ¢ O, then ¢c7! € O,
because O is a valuation ring. Hence [c]p ™" = [¢"]p € Op, so Op is a valuation hyperring in K.

(¢) We will show first that A is a subring in K. Take a,b € A. Then [a — by € [a]r — [b]r C A,
so a —b e A. Moreover, [a]r - [b]r = [ablr € A, so ab € A. Hence, A is a subring in K. Take ¢ € K.
If []r € A, then ¢ € A. If []r ¢ A, then [c!]p = [~ " € A, because A is a valuation hyperring.
Hence ¢! € .Z, so A is a valuation ring. Moreover, take any t € T. Then also t ' € T. Hence
[t)r = [t = [1]7 € A, so t € AX. This proves that T C A*. O

Theorem 3.2.2. Let K be a field and Kt a factor hyperfield, where T C K* is a multiplicative
subgroup in K. Denote by Vi | the set of all valuation rings O in K such that T C O* and by Vi,
the set of all valuation hyperrings in the factor hyperfield Kr. Then the functions:

@ VK\T — Vi, <,071 Vi, — VK\T
O Or A A

are bijections and inverses of each other, where
Or={[dreKr|ce® and A={ceK|[dreA}.

Proof. If O € Vg, then Or € Vg, by Lemma (b). We are going to show that the map
¢ is a bijection. First we will show that ¢ is injective. Take O, Oz € Vi |7 such that O; # Os.
Then, without loss of generality, we can assume that there is ¢ € O3 \ O;. Hence [c]r € Or,, but
[c]7 ¢ Ory, because of Lemma [3.2.1] (a). Thus, ¢(01) = Oy # Ory = ¢(02). Now we will show
that ¢ is surjective. Take Ok, € Vi,. Let

Otz = {c€ K| [dr € Ox,}.
From Lemma (c) we know that 5;(; € Vk|r- We compute

0(Oxy) ={ldr € Kr | c€ Oy} = {[dr € K | [dlr € Ok} = Ok

1

Hence ¢ is surjective, so it is a bijection. It is left to show that ™" is the inverse function to .

Assume that O € Vg|p. Then
¢ p0) =9 (Or)={ceK|[dreOr} ={ce K|cc 0} =0,

where in the third equality we use Lemma (a). Moreover, since the inverse function to a

bijection is a bijection, we conclude that ¢~! is bijective. O
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From Proposition |3.1.11] we know that to any valuation hyperring one can associate a valuation.
Let T be a multiplicative subgroup of K*. Assume that there exists a valuation ring O such that
T C O* and let v: K — v(K*) U {oo} be a valuation on K associated to O. Consider the map vr
defined as follows:

vr : Kr = o(K*) U {0}
[a]r — v(a).
Proposition 3.2.3. The map vy is a valuation on Ky and Op = {[c|]r € Ky | c € O} as defined
in Theorem is its valuation hyperring.

Proof. First we will show that vr is well-defined. Take a,b € K such that [a]r = [b]r. Then a = bt
for some t € T. Since ' C O, we have v(t) = 0. We compute

vr(lalr) = v(a) = v(bt) = v(b) + v(t) = v(b) = vr([b]7).

Now we are going to check whether vy fulfills the axioms (V1)—(V3) from Definition First,
observe that vr([z]r) = oo is equivalent to v(x) = co. This holds if and only if = 0. The latter is
equivalent to [x]r = [0]r. This shows that vp fulfills axiom (V1). Next, take [z]r, [y]r € Kr. We
have

vr([zylr) = v(zy) = v(@) +v(y) = vr([z]r) + vr([Ylr),

which proves axiom (V2). Finally, let [2]7 € [z]r + [y }T Then there exist s,¢ € T such that
z =xs+yt. Since s,t € T C O, we have v(s) =v(t) =

vr([zlr) = ve([zstytlr) = v(zst+vt) = minfu(zs), v(yt)} = min{v(z), v(y)} = min{vr([z]r), vr([ylT)}-
This proves that vy is a valuation. Moreover,

Our ={ldr € Kr [vr([dr) = 0} ={[c]lr € K1 | v(c) > 0} = {[c]r € K1 | c € O} = Or,
so vy is associated with the valuation hyperring Or. O

Example 3.2.4 (Example 4.4, [26]). Consider the hyperfield of pairs F' = Rg+ (p) introduced in
Example with v being the natural valuation associated with the unique positive cone (R*)?
in R. Since ET(R) C O,, from Proposition we obtain that F' admits a valuation defined as
follows:
VE+(R) * F—-TU {OO}
(s,7) =

[0]E+(R) = 00,

where ' is the value group of the natural valuation in R associated with its unique positive cone.
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Now we would like to see what the valuation associated with the valuation ring A looks like. Let

w be a valuation on K associated with a valuation hyperring A. Consider the following map w:
w: K — w(K})U{cc}

Proposition 3.2.5. The map @ is a valuation on K and A= {c € K | [|r € A} as defined in
Theorem [3.2.3 is its valuation ring.

Proof. Since every field is a hyperfield, we can check whether axioms (V1)—(V3) from Definition
are fulfilled. First observe that w(c) = co is equivalent to w([c]7) = oco. The latter holds if and
only if [c]7 = [0]r, which is equivalent to ¢ = 0. Hence axiom (V1) holds. To see that axiom (V2) is

fulfilled, we compute
w(be) = w([be]r) = w([blr) + w([c]r) = w(b) + w(c).
Finally, we observe that if ¢ = a + b, then [¢]r = [a + b7 € [a]r + [b]r. Hence
w(c) = w([c]r) = min{w([a]r), w([b]r)} = min{w(a),w(b)},
so axiom (V3) holds. This proves that @ is a valuation on K. Moreover,
Og ={ce K |w(c) >0} ={ce K |w([c]r) >0} = {c€ K | []r € A} = A.
O

Definition 3.2.6. Let F be a hyperfield and let v; : F — I'; U{oco} and vg : FF — T's U {0} be

valuations on F'. We say that v; and vs are equivalent if O,, = O,,.

Corollary 3.2.7. Let K be a field and Kt a factor hyperfield, where T C K* is a multiplicative
subgroup in K. Denote by Wi r the set of all valuations in K such that T is a subset of the groups
of units of their valuation rings and by Wk, the set of all valuations in the factor hyperfield K.
Then the functions:

P . WK|T — WKT o1 WKT — WK\T

vV = U7 W w.
are bijections and inverses of each other, where

v Kp — v(K*) U {0} w: K — w(Kr*)U{oo}

[]7 — v(x) x = w([x]r)

for every x € K.
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Proof. The proof follows from Proposition [3.2.3] Proposition and Theorem [3.2.2 O

The following, easy lemma will be useful later.

Lemma 3.2.8. Let v be a valuation on a field K with a valuation ring O, and a mazimal ideal M,
and let w be a valuation on a factor hyperfield Kp with a valuation hyperring O, and a mazimal

hyperideal M.,. Let vr and w be valuations as described in Corollary|3.2.71. Then
My, ={lclre Kr|ce M,} and Mg={ceK||[dr e My}

Proof. From Proposition we know that O,, = {[c|]r € K1 | c € O,}. Observe that O} =
{[dr € Kr | c € OF}. Indeed, [c]r € OF if and only if [y € O, and [¢" ! € O,,. This is
equivalent to ¢ € O, and ¢~ € O,. The latter holds if and only if ¢ € O¥. Now from Lemmam

we have that

My, =0, \NOS ={lclr € Kr|c€e O, \O)S}={[c|]r € Kr | ce M,}.

vT

Similarly we can proceed in the second part of the proof. First, from Proposition [3:2.5 we know
that Og = {c € K | [c]r € Oy}. Now take ¢ € O%. Then ¢,c™' € Og. This holds if and only if
(|7, [c7]7 € Oy. The latter is equivalent to [c]7 € OJ. We have shown that OF = {c € K | [c|r €
Ox}. Now, from Lemma we obtain

Mg =0z\0% ={ceK|[dr € O\ O} ={ce K | [dr € My}.
O

Let K be a valued field with a nontrivial valuation v and let ' C O)F be a subgroup of K*. Then
the factor hyperfield K1 also admits a nontrivial valuation. Indeed, we can construct on K7 the
valuation vr. Since v is nontrivial, there exists ¢ € K \ O,. From Proposition we have that
[c]r ¢ Or, so Kr # Op. This shows that vr is nontrivial. However, we have seen so far only two
examples of non-factor valued hyperfields, namely the Massouros hyperfield from Proposition [[.2.12]
and the hyperfield A; from Example[2:2.9] Both of them admit only trivial valuation. Unfortunately,

for now we do not know if there exists a non-factor hyperfield which admits a nontrivial valuation.

3.3 Priifer hyperrings

The notion of a Priifer ring is well-known in the classical ring theory (for reference see e.g. [I5] or
§11 of [14] in view of valuation theory). In this section we define an analogous notion in the theory
of hyperrings.

Let F be a hyperfield and R a subhyperring of F'. Denote by:

e S(R) the set of all valuation hyperrings in F' which contain the subhyperring R,
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e F(R) the set of all valuation hyperrings O in F such that O = %, where S C R* is a
multiplicatively closed subset with 1. In other words, O is a hyperring of fractions of R.

Take O € F(R). Then there is a multiplicatively closed subset S C R* with 1 such that O = £.
Moreover, by Lemma (a) we have that R ~ £ C £ = 0. Hence F(R) C S(R). What is more,
F(R) # 0 if and only if F is a hyperfield of fractions of R. Indeed, if F' is a hyperfield of fractions of
R, then F' € F(R). To show the converse, let O = % for some multiplicatively closed subset S C R*
with 1. Then for every a € F we have a € % ora~!e %. In both cases a = £, where r,s € R, s # 0.
Hence F C %. Obviously % C F, so F is a hyperfield of fractions of R.

Lemma 3.3.1. Let R, R’ be local subhyperrings in F with mazximal hyperideals Mg, Mg/ respectively,
such that R C R'. The following conditions are equivalent:

(a) Mr C Mp/,
(b)) Mr=Mp NR.

Proof. First we will show that (a) implies (b). We assume that Mg C Mpg/. Then Mp = MgNR C
Mg N R. We wish to show that Mg N R is a proper hyperideal in R. Indeed, take a,b € Mg N R.
Then ¢ —pb=(a—pb)NRCRanda—-prb=(a—pb)NRC(a—prpb)NR =a—p bC Mp.
Hence a —r b C Mpr NR. Takenow r € R and a € Mpr N R. Then ra € R and sincer € R C R/,
also ra € Mp . Finally, 1 ¢ Mg N R, because 1 ¢ Mp:. Since Mp N R is a proper hyperideal of
R and it contains the maximal hyperideal Mg, we have that Mg = Mg N R.

The reverse implication follows from the fact that Mp = Mr N R C Mp:. O

Definition 3.3.2. Let R, R’ be local subhyperrings in F. We say that R’ dominates R if R C R’
and M p, Mg satisfy the equivalent conditions from Lemma [3.3.1]

Lemma 3.3.3. Let F' be a hyperfield, R a subhyperring in F' and O a valuation hyperring in F with
mazimal hyperideal M such that O € S(R). Then the set a := M N R is a prime hyperideal in R.

Proof. Take a,b € a. Thena—prb=(a—pb)NRCRanda—pb=(a—prpb)NRC(a—pb)NO =
a—obC M, hence a —g b C a. Moreover, take r € R. Then ra € R and since r € R C O, also
ra € M. Take now a,b € R such that ab € a. Since M is a prime hyperideal (see Corollary ,
we have that a € M or b e M. Hencea€aor b € a. O

Proposition 3.3.4. Let F' be a hyperfield, R a subhyperring in F' and O a valuation hyperring
in F such that O € S(R). Let a = Mo N R, where Mg is a mazimal hyperideal in O. Then O
dominates Ry, where Ry is the local hyperring constructed as in Example|1.5.31] (b). Moreover, the

following conditions are equivalent:

(a) O = R,
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(b) R4 is a valuation hyperring in F,
(c) O € F(R).

Proof. First of all we will show that O dominates R,. Take elements a,b € R such that b ¢ a =
Mo NR. Then § € R,. Sincebe RC O,s0b¢ Mp. Hence be O* and a € O, so § € O. Thus,
R, € O. Moreover,

MRG:a'RagCl'O:(MoﬂR)'OgMo'O:Mo,

where in the first and in the last equality we used part (b) from Example Hence the condition
(a) from Lemma [3.3.1]is fulfilled, so O dominates R,.

Implications (a) = (b) and (a) = (c) are clear. To show that (b) implies (a), we use the fact
that if O and R, are valuation hyperrings in F' and R, C O, then from Lemma [3.1.12] we obtain
that Mo C Mp,. Having that O dominates R,, we obtain that Mo = Mpg_, so O = R,.

To show that (c) implies (a), observe that since O € F(R), there is a multiplicatively closed subset
S C R* with 1 such that O = %. Observe that SN M = 0. Indeed, assume that a € SN M. Then
Lef=0andal=1¢€ Mp,whichis a contradiction. Hence § € R\ M¢p = R\(MoNR) = R\a,
so O = % C R,. Since O dominates R,, we obtain that O = R,. O

Proposition 3.3.5. Let F' be a hyperfield and R a subhyperring. The following are equivalent:
(a) Ra is a valuation hyperring for every mazimal hyperideal M in R,
(b) R, is a valuation hyperring for every prime hyperideal p in R.

Moreover, if conditions (a) and (b) are satisfied, then also S(R) = F(R).

Proof. First we will show that (a) implies (b). Let p be a prime hyperideal in R. Since every prime
hyperideal is contained in some maximal hyperideal (by Lemma , there exists a maximal
hyperideal M in R such that p € M. Hence R\ M C R\ p, so Ryq C Ry,. We assumed R to be
a valuation hyperring, so from Lemma [3.1.13] R, is also a valuation hyperring.

The reverse implication follows from the fact that every maximal hyperideal is a prime hyperideal,
which was shown in Corollary [[.3:25]

Now we assume that R is a subhyperring in F', which has the property that R, is a valuation
hyperring for every prime hyperideal p in R. We need to show that S(R) C F(R). Take any
O € 8(R), i.e., R C O and consider the set a = Mo N R. From Lemma [3.3.3] we know that a is a
prime hyperideal in R. Hence, from the assumption, R, is a valuation hyperring. From Proposition

[-3.4) we obtain that O € F(R). O

Definition 3.3.6. Let F' be a hyperfield. A subhyperring R C F which satisfies the equivalent
conditions (a) and (b) from Proposition is called a Priifer hyperring.
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Corollary 3.3.7. Let F be a hyperfield and R C F a Prifer hyperring. Then R is a strict
subhyperring of F'.

Proof. Let R C F be a Priifer hyperring of a hyperfield F'. Since R is a subhyperring of a hyperfield,
it is an integral hyperdomain. From Proposition we have that R = (1, eMy, v, where Mp
is the set of all maximal hyperideals in R. From Proposition m (a) we know that each Rpq is a
valuation hyperring, which is a strict subhyperring in F' by Proposition [3.1.7} From Lemma [I.3.3]
we know that the intersection of strict subhyperrings is a strict subhyperring. Hence, R is a strict

subhyperring in F. O
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Chapter 4

Real valuations, real places and real

holomorphy hyperrings

4.1 Compatibility between positive cones and valuations in

real hyperfields

In this section we are going to introduce the notion of a valuation compatible with a positive cone
in real hyperfields and prove a Baer-Krull Theorem for real hyperfields. A number of results in this
section were originally published in [26].

Let K be an ordered field with a positive cone P. Since char K = 0, it contains the rationals.
Consider the set

A(P) :={a€ K |n+a € P for some n € N}.
It is a valuation ring of K and the set
1
I(P):={a€ K| —+aecPforalneN}
n

is its maximal ideal. The valuation associated with the valuation ring A(P) is the natural valuation
associated with P described in Subsection 2.2.

It is natural to ask if it is possible to construct similar sets in real hyperfields. However, the real
hyperfield does not have to contain the rationals. The simplest example is the sign hyperfield from

Example [2.2.4]) where 1+ 1 = {1}.
Let F be a hyperfield. For n € N, define

I, =1+...+1.
|

n times
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Lemma 4.1.1 (Lemma 5.1, [26]). With the notations introduced above we have, for all n,m € N

Proof. The first equality is a consequence of the axiom (C1) in Definition[1.1.7] The second inclusion
follows from Remark [[.2.2] O

Take a hyperfield F' with a positive cone P. Define

A(P):={a€ F|(I,+a)N P #{ for some n € N}
I(P):={a€F |1+, -aC P forallneN}.
Lemma 4.1.2. Let F' be a real hyperfield with positive cone P.
(a) If a € A(P) (ora € I(P)), then also —a € A(P) (or —a € I(P) respectively),
(b) I(P) C A(P),
(c) 1+1(P)CP,
(d) 0 € A(P) and 0 € I(P),
(e) 1 € A(P).
Proof.  (a) This follows from the symmetry in the definitions of A(P) and of I(P).
(b) Take a € I(P). In particular, 1 £ a C P. Hence (I = a) NP # 0, so a € A(P).
(¢) Take a € I(P). For n =1 we have 1 +a C P,so 1+ I(P) C P.

(d) Since 1 £1,-0={1} C P for every n € N, we obtain that 0 € I(P). From part (b) we have
that also 0 € A(P).

(e) First observe that I, + 1 = I,41 C P, so (I, + 1) N P # 0 for every n € N. Moreover,
1el+4(1-1)=(1+41)—-1=I—1,s0 (Iax1)NP #0. Hence 1 € A(P).
0

Proposition 4.1.3 (Proposition 5.3, [26]). Let F be a real hyperfield with positive cone P. The set
A(P) is a valuation hyperring in F with the unique maximal hyperideal I(P). Moreover, I,, C A(P)
for every n € N.

Proof. First we will show that A(P) is a strict subhyperring in F. The fact that 0 € A(P) follows
from Lemma [£.1.2] (d). Take a,b € A(P). Then there are m,n € N such that (I, £ a) N P # () and
(I, £b)N P # (). Take c € a+b. If ¢ = 0, then ¢ € A(P) by what we have previously observed.
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Assume that ¢ € P. Let s € (I,, —a) N P and t € (I, —b) N P. From axiom (C4) in Definition [[.1.7]
we obtain that a € I,,, — s and b € I,, —t. Then

ce€a+bCl,—s+I,—t=1ILnin—(s+1t),

where the last equality follows from Lemma Therefore, there exists u € s+t C P such that
¢ € Iyypn —u. Hence u € (Ip,4n —¢) N P. Since we assumed ¢ € P, we have also (I,;,4n, +¢) C P.
So c € A(P).

Assume now that ¢ € —P. Then —c € P. Proceeding like in the previous case, we obtain that
—c € A(P). By Lemma[{.1.2 (a) we have that ¢ € A(P). Hence, we have proved that a + b C A(P).

Now we are going to show that ab € A(P). By Lemma [1.1.2] (a) we can assume that a,b € P.
Let s € (I, —a)N P and ¢t € (I, —b) N P. Choose p € I,,, and ¢q € I,, such that s € p — a and
t € ¢—b. Using axiom (C4) in Definition [[.1.7] we obtain that p € a+ s and g € b+t. Using Remark
[L22] we obtain

pq € (a+s)(b+1t) C ab+ (at + sb+ st).

Observe that at + sb + st C P. Pick x € at + sb + st such that pg € ab + x. We have
re€pg—abC I, - I, —abC I, — ab.

Hence Iy, — ab) N P # (). Since we assumed ab € P, we have also (I, + ab) C P. We conclude
that ab € A(P). We have proven that A(P) is a strict subhyperring in F.

Now let us show that A(P) is a valuation hyperring. Take a € F'\ A(P). Without loss of
generlity we can assume that a € P (by Lemma (a)). Then also a=! € P,so1+a"! C P.
Since 1 +a C P, but a ¢ A(P), we obtain that (1—a)NP =0. Hencea—1C P ora=1. The
latter is impossible, because by Lemmam (e), 1 € A(P). Therefore, 1 —a~! =a"!(a—1) C P.
We obtain that (1+a~1)N P # 0, hence a—! € A(P).

The fact that I,, € A(P) for every n € N follows from Lemma [£.1.2 (e) and the fact that A(P)
is a strict subhyperring in F'

It is left to show that I(P) is the unique maximal hyperideal in A(P). We are going to prove
that I(P) = A(P)\ A(P)*. Take c € A(P)\ A(P)*. If ¢ = 0, then 0 € I(P) by Lemma [4.1.2]
(d). Hence, take ¢ # 0 and assume that ¢ € P (we can do it because of Lemma [{.1.2] (a)). Then
1+ 1, ¢ C P for every n € N. Since also ¢! € P, we have also that ¢! + I, C P for every
n € N. Because ¢ ¢ A(P)*, we have that ¢~ ¢ A(P), so (I, — ¢ ') N P = ( for every n € N. Hence
c =1, C PU{0}. If ¢! € I,, for some n € N, then since I,, C A(P) we obtain a contradition with
the fact that ¢~ ¢ A(P). Hence ¢~ — I,, C P for every n € N, which is equivalent to 1 —I,, -¢ C P
for every n € N. We have shown that A(P)\ A(P)* C I(P). Take now ¢ € I(P). If ¢ = 0, then
0 € A(P)\ A(P)* by Lemmal[d.1.2] (d). Hence, take ¢ # 0 and again assume that ¢ € P. By Lemma
4.1.2| (b) we know that ¢ € A(P). Suppose that ¢ € A(P)*. Then (I,, —c~')N P # ) for some n € N.
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Since ¢~! € P, we obtain (I, - ¢ — 1) N P # () for some n € N, which implies that 1 — I,, - ¢ € P for
some n € N. Hence ¢ ¢ I(P). This contradiction proves that ¢ € A(P) \ A(P)*. We conclude that
I(P) = A(P)\ A(P)*. By Lemma [3.1.8the set I(P) is the unique maximal hyperideal in A(P). [

Definition 4.1.4 (Definition 5.5, [26]). A positive cone P of a hyperfield F' is called archimedean if
A(P)=F.

Example 4.1.5 (Example 5.4, [26]). Consider the real factor hyperfield ' = Qg-)> introduced in
Example Since every positive rational is a sum of at most four nonzero squares, we obtain
that Pg+)> = I4. By Propositionwe know that Iy C A(Pg+)2), so Pg+y> € A(Pg-)2). By
Lemma (a) and (d), also —Pg+)> € A(P(g+)2) and 0 € A(Pg~)2). Hence A(Pg~)2) = F and
P(g+)> is archimedean. Moreover, by Corollary we obtain that I(Pg-)2) = {[0]q+)2}-

Example 4.1.6 (Example 5.6, [26]). Consider the hyperfield of pairs F' = R+ (p) introduced in
Example It is a real hyperfield with its unique positive cone Pg+ gy = {(s,7) | s =1,7 € I'}.
Observe that (1,0) + (1,0) = {(1,0)}, so I,, = {(1,0)} for every n € N. Hence

A(PE+(R)) = {a el ‘ ((1,0) + a) N PE+(R) 7é @}

Take (1,7) € F*. Then (1,0) + (1,7) € Pg+(gy- If v > 0, then (1,0) — (1,7) = {(1,0)} € Pg+(g)-
If v = 0, then (1,0) — (1,0) = ({(s,7) | s € {=1,1},7 > 0} U {0}) N Pg+ gy # 0. If v < 0, then
(1,0) = (1,7) = {(=1,7)} € —Pp+(r)- Having also Lemma[4.1.2] (a) and (d), we obtain that

A(Pp+(r)) ={(s,7) € F" [ s € {-1,1},7 2 0} U{0} C F.
Hence Pg+(g) is not archimedean. Similarly, using Lemmam (a) and (d), we can compute that
I(PE+(R)) = {<87’7) €F” | s € {_17 1}77 > 0} U {0}

Observe that the valuation associated with the valuation hyperring A(Pg+g)) is precisely the
valuation v+ () described in Example

Proposition 4.1.7 (Proposition 5.7, [20]). Let F' be a hyperfield with valuation v and positive cone

P. The following conditions are equivalent:
(a) A(P) C O,,
(b)) P:={a+M,|ac PN0O,*} is a positive cone in F, := O,/ M,,
(¢c) 1+ M, CP,

(d) if b+a)NP #0 and (b—a) NP #0, then v(a) > v(b).
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Proof. Assume that A(P) C O,. To prove that (a) implies (b) we will show first that if b € PN O,
and a+ M, = b+M,, thena € PNO,”. Take a € O, and b € PNOJ such that a+ M, = b+ M,,.
If a € M,, then {a} = (a — 0) N M,. From Lemmawe obtain that a + M, =0+ M, = M,,.
So b+ M, = M,. Hence b € M,,, which is a contradiction. Thus a € O,*. We multiply the equality
a+ M, =0b+ M, by b=+ M, (we can do that, because b € O, so b+ M, # 0+ M, = 0@,)’
We obtain that ab~! + M, = 1 + M,. Moreover, from Lemma we have that M, C I(P),
because A(P) C O,. Thus, from Lemma [L.1.6] we obtain that 1+ M, C 1+ I(P). Hence, using

Lemma (c) we have
ab' + M, =1+M,C1+I(P)CP.

In particular ab~! € P and hence a = ab™' - b € P.

Now we will show that P is a positive cone in O,/ M,. Take a,b € PNO and a+M,,b+ M, € P.
Then a + M, + b+ M, = {c+ M, | ¢ € a+ b}. Since P is additively closed, ¢ € P for every
¢ € a+b. If there is an element ¢y € a + b such that ¢g € M,, then a € —b+cyg C —b+ M,.
Since the cosets are equivalence classes of an equivalence relation (see Proposition7 we obtain
that —b+ M, = a + M,. Since we assumed that a € P, also —b € P by the observation we
made in the beggining of the proof. This is a contradiction, since b € P and P N —P = (). Hence,
co € O, which means that ¢ € OX N P for every ¢ € a + b. Hence, a + M, + b+ M, C P. Since
P is multiplicatively closed and O, is a multplicative group, we obtain that ab € P N O,”, so
(a+M,) - (b+ M,)=ab+ M, € P. Suppose that there is a + M, € PN —P. Then a € PN —P
by the observation we made in the beggining of the proof. This is a contradiction, so PN —P = .
Finally, take a + M, € (F,)*. Then a ¢ M,, so a € O,*. Consequently, a + M, € P if a € P, and
a+ M, € —Pifa€ —P. Hence PU—P = (F,)*.

Let us show now that (b) implies (c). Assume that the set P is a positive cone in F,. Since
1€ PNO,”* we have that 1 + M, € P. Take x € 1 + M,,. Then  + M, =1 + M,. By what we
have proven in the first part, we obtain that x € PN O,* C P.

To prove that (d) follows from (c), assume that 1 + M, C P. Take a,b € F such that
(b+a)N P # 0. Suppose that v(a) < v(b). Then a # 0 and thus v(ba=!) > 0 by Lemma (c).
So ba~! € M,. By our assumption, 1 4+ ba~! C P. Now we consider two cases. If a € P, then,
multiplying the last inclusion by a, we have a + b C P. This implies that (b — a) N P = (), which
is a contradiction. If @ € —P, then —a +b C P. Hence (a + b) N P = (), so again we obtain a
contradiction.

Finally, we are going to prove the implication from (d) to (a). Take a € A(P). If a = 0, then
a € O,. Suppose that a € P. Then (I, — a) N P # ) for some n € N. Therefore, there exists x € I,
such that (z —a) N P # (. Moreover, z + a C P, because x € P. Hence v(a) > v(z). Observe
that from the fact that v(1) = 0 (see Lemma [3.1.2) (a)) and the axiom (V3) from Definition [3.1.1]
we obtain that v(z) > 0. Thus a € O,. Using Lemma [3.1.2] (b) we have also that —a € O,,. This
finishes the proof. O
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Definition 4.1.8 (Definition 5.8, [26]). Let F be a hyperfield.

(a) A valuation v satisfying the equivalent conditions of Proposition is called a wvaluation
compatible with the positive cone P. We denote by X (F,v) the set of all positive cones of F

compatible with v.
(b) A positive cone P is called the positive cone induced by P on the residue hyperfield F, = O, /m,.

(¢) The valuation associated with the valuation hyperring A(P) is called the natural valuation

associated with P.
(d) A valuation v is called a real valuation if its residue hyperfield F, = O, /m, is real.

Remark 4.1.9. We will use two different notations for the elements in the residue hyperfield
F, = 0,/M,, depending on which one will be more useful in a particular situation. Namely, we
will denote the elements of F, by a + M, or by a for a € O,.

Example 4.1.10. In Example it was noted that the valuation vg+ gy on a hyperfield
F = Rg+ gy (described in Example [3.2.4) is associated with the valuation hyperring A(Pg+(g))-

Hence the valuation vg+ (g is the natural valuation associated with the positive cone Pg+ (g).
Lemma 4.1.11. Every finite real hyperfield admits only archimedean positive cones.

Proof. From Lemma [3.1.3] we know that a finite hyperfield admits only a trivial valuation. In

particular, a natural valuation associated to any positive cone in F' is also trivial. O

Example 4.1.12. (a) Consider the sign hyperfield S = {—1,0, 1} with its unique positive cone

Ps = {1}. Since S is finite, the positive cone P is archimedean.

(b) Consider the hyperfield A4; from Example with its positive cone P = {1, a,a?}. Since A;

is finite, the positive cone P is archimedean.

At the end of Section 3.2, we mentioned that, at this point, we do not know whether there is a
non-factor hyperfield that admits a non-trivial valuation. In particular, we do not know whether
there exists a non-factor, real hyperfield with a non-archimedean positive cone (which admits a
non-trivial natural valuation). A positive answer to this question would also give an answer to the
open question posed at the end of Section 2.2, namely, that would be an example of an infinite, real

hyperfield which is not a factor.

Lemma 4.1.13. Let F be a hyperfield, P a positive cone in F and v a valuation compatible with P.
If a,b € P, then v(c) = min{v(a),v(b)} for every c € a+b.
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Proof. Without loss of generality, assume that v(a) < v(b). From axiom (V3) from Definition [3.1.1]
we have that v(c) > min{v(a),v(b)} = v(a) for every ¢ € a+b. By the reversibility axiom, b € ¢ —a,
so (c—a)N P # (. A positive cone is additively closed, so ¢ € P for every ¢ € a + b. Hence
¢+ a C P, so in particular (¢ + a) N P # (. By Proposition (d) we have that v(c) < v(a).
Hence v(c) = v(a). O

Corollary 4.1.14. Let F' be a hyperfield, P a positive cone in F and v a valuation compatible with
P. Ifay,...,an € P, then v(c) = min{v(ay), ...,v(an)} for every c € a1 + ... + an.

Proof. We proceed by induction on n. By Lemma[{.1.13] we know that the statement is true for n = 2.
Let us assume that the statement is true for n = k—1. Consider ¢ € a1 +...4+ap_1+ax. This means
that ¢ € b+ ay, where b € aj +...+aj_1. From Lemma [£.1.13| we have that v(c) = min{v(b), v(ax)}.
Moreover, from the induction hypothesis we have that v(b) = min{v(a;),...,v(ag—1)}. Hence we
obtain that v(c) = min{v(a1),...,v(an)}. O

Remark 4.1.15. If a,b € Y_(F*)?, then v(c) = min{v(a),v(b)} for every ¢ € a + b and every real
valuation v. This follows from Lemma and Example

For the moment, we turn our attention to real factor hyperfields. Let (K, P) be a real field
and let T C P be a multiplicative subgroup of K*. Consider the factor hyperfield (K1, Pr), where
Pr ={[c]r | ¢ € P} (see Lemma (b)) and let us denote:

e A(P) the valuation ring in K of the natural valuation v which is associated with P,

e A(Pr) the valuation hyperring in K of the natural valuation w which is associated with Pr,

e A(Pr) ={a € K | [a] € A(Pr)} is the valuation ring of the valuation w as described in
Theorem [3.2.2)

In the next proposition we investigate the relation between a valuation w which is lifted up to a
field (K, P) from the natural valuation w in the factor hyperfield (Kr, Pr) (see Corollary [3.2.7) and

the natural valuation in (K, P).

Proposition 4.1.16. Let (K, P) be a real field and T a multiplicative subgroup of K* such that
T CP. Letv: K = TI'y U{oco} be the natural valuation on K associated with P. Let w : Kr —

'y U {oco} be the natural valuation on Kr associated with Pp. Then:

(a) A(P) C A(Pr),

(b) A(P)= A(Pr) if and only if T C A(P)*.
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Proof. (a) Take a € A(P). This means that there is n € N such that n+ta € P, so [n+alr,[n—alr €
Pyp. Since [n]rp € I,, we have [n £ alr € [n]r £ [a]r C I, £ [a]r. Hence

(In % [alr) N Pr # 0,

which means that [a]r € A(Pr) and a € A(Pr).

(b) Assume that T'C A(P)*. We need to show that A/(\P;) C A(P). By Lemma |3.1.12f we can

—~—

equivalently show that I(P) C I(Pr). Take a € I(P). For every n € N we consider the following set:

)y £ In[a]r = {[u1 L usalr | w1 €T, ug €T+ ...+ T}.
—_——

n times

Observe that A(P)* is additively closed by Corollary [4.1.14} so also A(P)* N P is additively closed.
Hence we have

T+..+TCAP NP

—_——

n times
for every n € N. Hence us € A(P)* N P. Then v(uy) = v(uz) = 0. Since a € I(P), we have that
v(a) > 0 and v(uga) > 0. This implies that usa and —uga are archimedean smaller than u; and
uy + uga € P. Hence for every n € N, uy € T and uy € T + ... + T we have [uy £ usalr € Pr, so
—_——

n times

[1]r £+ I,[a]lr C Pr for all n. Hence [a]r € I(Pr). This implies that a € I(Pr).

Assume now that T ¢ A(P)*. Then there exists a € T such that a ¢ A(P) or a € I(P).
In the latter case, a=! ¢ A(P) and since T is a multiplicative subgroup in K*, we have that
a~! € T. Hence, we conclude that there exists a € T such that a ¢ A(P). Since a € T, we have
that w([(ﬂ_T\)_/: w([l]r) = 0, so [a]r € A(Pr). Hence a € Z(_\PE;), but a ¢ A(P). In particular,
A(P) # A(Pr).

O

To finish this section, we are going to recall results about a positive cone in the residue hyperfield

and state and prove a Baer-Krull Theorem for real hyperfields.

Proposition 4.1.17 (Proposition 5.9, [26]). Let F' be a real hyperfield with positive cone P. The
positive cone P ={a € F | a € PN A(P)*} induced by P on the residue hyperfield F = A(P)/I(P)

is archimedean.

Proof. Let v be the natural valuation associated with the positive cone P. Observe first that if
a€ A(P)and z € (I, +a)NPorz € (I, —a)N P, then x +1 C A(P)* N P. Indeed, since xz € P
and P is additively closed, we have that x +1 C P. Take s € z + 1. Since A(P) is additively

closed, we have that s € A(P), so v(s) > 0. Moreover, from the reversibility axiom, we have that
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z€(s=1)NP,so(s—1)NP#0. Since s+ 1 C P, using Proposition [1.1.7] (d) and Lemma [3.1.2]
(a), we obtain that v(s) < wv(1) = 0. Therefore s € A(P)* N P.

Take @ € P. Then a € A(P). Thus there is n € N and z,y € F such that z € (I, +a)N P
and y € (I, —a)NP. Take s € v+ 1 and ¢t € y + 1. By what we have shown, we know that
s,t € A(P)*NP. Moreover, s € z4+1C (I,+a)+1=I,11+aandt € y+1 C (Iy—a)+1 = I41—a.
Hence we obtain

s€c(I,,1+a)NPandie (I, —a)NP,

where I, :=1+...1={Z | z € I,,}. This proves that @ € A(P), so P is archimedean. O

Lemma 4.1.18. Let F be a real hyperfield with positive cone P, and v a valuation compatible with
P. Then v is the natural valuation associated with P if and only if P = PN Oy is an archimedean

positive cone in the residue hyperfield F,.

Proof. Let v be the natural valuation associated with P. Then O, = A(P) and M, = I(P). By
Proposition we have that P = P N A(P)* is an archimedean positive cone in F,, = A(P)/I(P).

Assume now that P = PN O, is an archimedean positive cone in the residue hyperfield F,.
Suppose that A(P) € O,. Take a € O, \ A(P) and, without loss of generality, assume that a € P
(we can do so because of Lemma [1.1.2] (a)). Since (I, +a) C P for every n € N, we conclude that
(I, —a) N P =0 for every n € N. So we have a — I, C P U {0} for every n € N; but 0 € a — I, is

impossible since otherwise, a € I,, C A(P).

Take n € N and choose any x € a — I,, C P. Then there exists ¢t € I,, such that x € a —t. Hence
vp(a) < 0, because a ¢ A(P), and vp(t) = 0 by Corollary So vp(a) < vp(t). By Lemma
3.1.2| (d) we obtain that vp(z) = vp(a) < 0. Hence x ¢ A(P). Since 1 € O, and O, is additively
closed, we have that a — I, C O,, so z € O,. By Lemma we have that = ¢ M, (otherwise
x € M, C I(P) C A(P), which is a contadiction). So z € 0. Hence a — I, C O for every n € N.

Consider the residue hyperfield F, = O,/M,. Then @ — I,, = a — I,, C P for every n € N. So

@ ¢ A(P), which means that P is not an archimedean positive cone in F,. O

Proposition 4.1.19 (Proposition 5.12, [26]). Let v be a real valuation on a hyperfield F. Take a
positive cone p in F,. Then there exists a positive cone P in F such that P is compatible with v

and P = p.
Proof. Consider the following set:
T ={a € F|ax? € p for some z € F}.

We are going to show that T is a prepositive cone of F'. First, it is easy to see that T C F*. Indeed,
if 0 €T, then 0 =022 € p for some = € F, which is impossible.
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Take a,b € T. This means that there exist x,y € F such that @,1)172 € p. We will show that T
is additively closed. Since 0 ¢ p, we have that az?, by? # 0. Hence az?,by? € O . Without loss of
generality, we may assume that zy~! € O, (if not, then 271y € O,). Take ¢ € a + b. Then

cx? € (a+b)z? = ax® + bx? = az®(1 4 a™1b).

Observe that a='b = (az?)~1-by?-(zy~1)? and (ax?)~1, by?, (zy~!)? € O,. Hence we can consider the
elements (ax2)~1,by?2, (xy—1)2 € F,. The first two of them are in p and the last one is either in p or is
equal to 0. Thus, a—1b € pU{0}. Since p is additively closed, we obtain that 1 + a=1b=T+a~1b C p.
Therefore, since p is also multiplicatively closed, we have ca? e E(m) C p, which implies
that T+ T CT.

To show that T is multiplicatively closed, observe that W = ax? - by? € p,so ab € T.
Hence T-T C T. Take now ¢ € F*. Then ¢2- (¢-1)2 =T € p, so ¢ € T. Thus, (F*)? C T. We have
proven that T is a prepositive cone of F'.

By Corollary 2.1.12] there exists a positive cone P such that T C P. We are going to show that
P =p. Takea € P. Then a € PN OY. Suppose that @ ¢ p. This implies that —a € p. Since
—a-12 = —g € p, we have —a € T C P. Hence a € PN —P, which is a contradiction. Therefore,
P C p. To show the converse, take @ € p. Then a € 0. Moreover, a-12=aep,soaecTCP.
Thus a € PN OX, soa € P. Hence P = p. In particular, by Proposition (b), this shows that
P is compatible with v. O

Corollary 4.1.20. Let F' be a hyperfield and v a valuation on F. Then v is a real valuation if and

only if there exists a positive cone P in F such that v is compatible with P.

Proof. Assume that v is a real valuation on F. Then from Proposition we know that there
exists a positive cone P on F' such that P is compatible with v. Conversely, assume that there exists
a positive cone P on F' such that P is compatible with v. Then from Proposition (b) we have

that the residue hyperfield F, is real, so v is a real valuation. O

Lemma 4.1.21. Let F be a hyperfield and v a real valuation on F. Then Y a;> C O, if and only
if at,...,an € O,.

Proof. One of the implications follows from the fact that a hyperring is multiplicatively and additively
closed. To prove the second implication, we use the result from Lemma ie, Y a;?2=0if and
only if a; = ... = a,, = 0. Hence, in that case the statement is true. Assume now that >_ a;? # 0.
Without loss of generality, we can assume that ay, ...,a, # 0. Note that (F*)? C P for all P € X(F).
In particular, a?, ...,a% € P, for the positive cone P,, which is compatible with v. Hence, by Corollary
we obtain that for every ¢ € Y a;2 C O, we have that 0 < v(c) = 2 - min{v(ay), ..., v(a,)}, so
v(ay),...,v(ay) > 0. O
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Definition 4.1.22 (|26]). Let F be a real hyperfield with positive cone P. Consider the group
homomorphism
sgnp : F* — {1,-1}

defined by
1 ifa € P,

-1 ifae-P.

sgnp(a) :=

We will call it the signature of the positive cone P of the hyperfield F'.

The positive cone P is the kernel of sgnp.
Recall that we denote by X'(F) the set of all positive cones in a hyperfield F' and by X (F,v) the

set of all positive cones of F' compatible with a valuation v.

Theorem 4.1.23 (Theorem 5.13, [26], Baer-Krull Theorem for real hyperfields). Let v be a valuation
on a real hyperfield F with value group T'. Then there is a bijection between the set X(F,v) and the

set X(F) x Hom(T', {1, —1}).

Proof. Take p € X(F). From Proposition we know that there exists P, € X(F,v) such that
P, = p. Take any P € X(F,v) which also induces p and define a map

XPpP I'— {—1, 1}
v(a) — sgnp, (a) - sgnp(a).

We are going to show that xp is well-defined. If v(a) = v(b), then v(ab~!) = 0, so ab™! € OX.
Hence ab—1 € F. Since P induces p, we have that ab~! € P if and only if ab—1 € p. The latter is
equivalent to ab~! € Py, so sgnp(ab™') = sgn, (ab~!) = sgnp, (ab~1). Thus,

vr(v(ab™)) = sgnp(ab™) -sgnp, (ab™) = 1.
Since sgnp is a group homomorphism, we obtain
sgnp(a) - Sgllp, (a) = sgnp(d) - Sgip, (0).

Hence xp(v(a)) = xp(v(b)).
Now we will show that xyp € Hom(T, {1,—1}). Observe that

xp(v(a) +v(b)) = xp(v(ab)) = sgnp, (ab) - sgnp(ab)
= sgup, (a) -sgnp(a) - sgup, (b) - sgnp(b) = xp(v(a)) - xp(v(b)),

where we used the axiom (V2) from Definition and the fact that sgnp is a group homomorphism.
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Let us define the mapping

o X(F,v) = X(F) x Hom(T, {-1,1})
P — (P,Xp).

We will show that this map is surjective. Take p € X(F') and h € Hom(T', {—1,1}). We are going to
show that there exists P € X (F,v) such that ®(P) = (p,h). Let us define

P:={xzcF"|(hv(z))=1Az € P)V (h(v(z))=—-1ANz ¢ Pp,)}.
We need to prove that P is a positive cone in F'. Take a,b € P and consider the following cases:

e Case 1: a,bc P,
Since P, is multiplicatively closed, ab € P,. Moreover, from the definition of P we have
h(v(a)) = h(v(b)) = 1, so using axiom (V2) from Definition and the fact that h is a group

homomorphism, we obtain
h(v(ab)) = h(v(a) +v(b)) = h(v(a)) - h(v(b)) =1-1=1.

Hence ab € P.

Without loss of generality we can assume that v(a) < v(b). Take ¢ € a +b. Then ¢ € P,
since P, is additively closed. From the reversibility axiom, b € ¢ —a, so (¢ —a) N P, # 0.
What is more, ¢ +a C P,. Since P, is compatible with v, from Proposition (d) we
conclude that v(¢) < v(a). On the other hand, from axiom (V3) from Definition [3.1.1} we have
v(c) > min{v(a),v(b)} = v(a). So v(a) = v(c) and h(v(c)) = h(v(a)) = 1. Hence ¢ € P.

e Case 2: a€ P,and b ¢ P,
Then ab ¢ P,. Moreover, from the definition of P we have h(v(a)) = 1 and h(v(b)) = —1, so

h(v(ab)) = h(v(a) + v(b)) = h(v(a)) - h(v(b)) =1 —1 = —1.

Hence ab € P.

Take ¢ € a +b. If ¢ € Py, then (a +b) N P, # (. Moreover, a —b C P,, so from Proposition
(d) we have that v(a) < v(b). If v(a) = v(b), then h(v(a)) = h(v(b)), which is not the
case. Hence v(a) < v(b). Thus, v(c) = min{v(a),v(b)} = v(a), so h(v(c)) = h(v(a)) = 1,
which implies that ¢ € P.

If ¢ ¢ Py, then —c € (—a —b) N Py, so (—a —b) N P, # (. What is more, a — b C P,
so v(b) = v(=b) < v(a). From the same reason as before, we have v(b) < v(a) and hence
v(c) = v(b). We obtain h(v(c)) = h(v(b)) = —1. As in the previous case, ¢ € P. This proves
that a +b C P.
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e Case 3: a¢ P, and b ¢ P,
In that case we have that ab € P,. Moreover, from the definition of P we have h(v(a)) =
h(v(b)) = —1, so using axiom (V2) from Definition and the fact that h is a group
homomorphism, we obtain
h(v(ab)) = h(v(a) + v(b)) = h(v(a)) - h(v(b)) = =1- -1 =1.
Hence ab € P.
Without loss of generality we can assume that v(a) < v(b). Take ¢ € a+0b. Then ¢ ¢ P,. From
the reversibility axiom, —b € —c+a, so (—c+a)NP, # (. What is more, —c—a C P,. Since P,
is compatible with v, from Proposition [.1.7] (d) we conclude that v(—c) < v(a). Using Lemma
3.1.2| (b) we have that v(c) < v(a). On the other hand, from axiom (V3) from Definition [3.1.1}
we have v(c) > min{v(a),v(b)} = v(a). So v(a) = v(c) and h(v(c)) = h(v(a)) = —1. Hence
ceP.
e Case 4: This is the same as Case 2, with a and b interchanged.
Now we will show that PN —P =@ and PU —P = F*. Observe that for x € F’*,
—z€P& (h(v(z) =1AN—-x€P)V (h(v(z))=—1A—-x ¢ P)
< (h(v(z)=1Az ¢ Py) V (h(v(z) =—-1Az € B)
& (h(v(z)) =—-1Va ¢ P)A(h(v(z)) =1Vae e P) < x¢P.
Therefore, P is a positive cone in F.
Take z € O N P. Since h is a group homomorphism, h(v(z)) = h(0) =1, so € P,. Hence
P = P, = p, so by Proposition m (b) we have that P € X(F,v).
Let us show now that yp = h. Take x € F* and let x € P.

o It w € Py, then h(v(z)) = 1 and xp(v(z)) = sgup, () -sgnp(z) = 1-1 = 1.
o If & ¢ Py, then h(v(z)) = —1 and xp(v(z)) = sgup, (z) -sgup(e) = —1-1= —1.

Now let @ ¢ P. Then —z € P.
o It & € Py, then h(v(z)) = h(v(~)) = —1 and xp(v(z)) = sgup, (z) -sgup(z) =1 —1 = —1.
o It ¢ Py, then h(v(x)) = h(v(~)) = 1 and yp(v(x)) = sgup, (z) -sgup(e) = —1-—1 = 1.

Hence xp = h and thus ®(P) = (P, xp) = (p, h). We have proved that ® is surjective.
To show that @ is injective, suppose that ®(P) = ®(Q). Then (P, xp) = (Q, xo). This means
that for every x € F™,

sgup, («) - sgnp(x) = xp () = xo(@) = sgup, () - sgng (@).

Hence sgnp(z) = sgng(z), i.e., P = Q. This shows that ® is bijective and this finishes the proof. [J
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4.2 Order relation associated with a positive cone

Let (K, P) be an ordered field. With the positive cone P one can associate a strict, linear order
relation defined as follows:
a<b:=b—acP.

This linear order relation is compatible with addition and multiplication by positive elements in
K, i.e., if a < b, then for any ¢ € F we have a + ¢ < b+ ¢ and for any ¢ € P we have ac < bc. On
the other hand, having defined a strict, linear order relation < on a field K, compatible with the

operations in K, we can define a positive cone in the following way:
P:={ac K|a>0}

Hence, in the case of fields, the existence of a positive cone is equivalent to the existence of a strict,
linear order relation, which is compatible with addition and multiplication by positive elements in
the field.

Consider the set Py := P U {0} on K. Observe that the following is true:

Po+PyCPy, Py-PyCP, PyN-Py={0}, PU-P=K. (4.1)

Remark 4.2.1. Some authors (see e.g. [28], [22]) define the set Py to be a positive cone in an ordered
field.

Also with this set one can associate a linear order relation, compatible with addition and

multiplication, but in this case non-strict. It is defined as follows:
a<b:=b—ach. (4.2)

Similarly as in the case of a strict linear order relation <, having a non-strict linear order relation,

one can define the set Py on K as:
Py:={ae K|a>0}.

It is clear that, having the set Py on K, one can easily obtain a positive cone P := Py \ {0}.
Now we turn our attention again to real hyperfields. Let F' be a real hyperfield with a positive

cone, which we will denote by P as in the case of fields. The relation defined as
a<b:e=b—alCP (4.3)
is not in general a strict linear order relation, as we will see in the next example:

Example 4.2.2. Consider the factor hyperfield F' = Q(g+)2 from Example 2:2.5) with its unique
positive cone Pg+)2 = {[a](g~)2 | @ € QT}. Observe that

[1}(@*)2 = [2 -1—-1- 1]((@*)2 S [2](@*)2 — [1]((@*)2 and [2}(@*)2 = [1 4 —2- 1]((@*)2 S [1](@*)2 — [2]((@*)2.
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Hence
([2](@*)2 — [1]((@*)2) N P(@*)2 # () and ([1](@*)2 - [2}((@*)2) N P(Q*)g #,
which means that elements [1](g+)2 and [2](g+)> are incomparable with respect to the order relation

< induced by Pg«)z.

However, the relation < is a strict partial order relation. Indeed, 0 € a — a, but 0 ¢ P, so
a—a ¢ P, which means that a £ a. Moreover, if a < b, then b—a C P. Since PN—P = (), we obtain
that a —b € P, so b £ a. Hence the relation < is asymmetric. If a < b and b < ¢ then b—a C P
and ¢ — b C P and since P is additively closed, we obtain that c—a Cc—b+b—a C P,so a <c,
which shows that < is transitive. What is more, the relation < is compatible with multiplication
by positive elements. Indeed, assume that a < b and ¢ € P. Then b — a C P and since P is
multiplicatively closed, we obtain that (b — a)c = be — ac C P, i.e., ac < be.

It is worth mentioning that < does not have to behave well with hyperaddition in the following

sense:

Example 4.2.3. Consider the sign hyperfield with its unique positive cone Ps = {1}. Observe that
—1 <1, because 1 — (—1) =141 = {1} C Ps. However, adding 1 to both sides of the equality, we
obtain

—1+1={-1,0,1} and 1 +1 = {1}.

Consider now the set Py := P U {0}. This set has analogous properties as the set Py in an
ordered field, which were described in (4.1)).

As it was already mentioned in Section 2.1, some authors define the set Py to be a positive cone
in a hyperfield (see e.g. [34] and [I6]). The following relation on a hyperfield F, associated with Py,

is a non-strict, partial order relation:
a<b:=b—aCh. (4.4)

Indeed, < is reflexive, because 0 € a —a for every a € F, so a < a. Assume that there are a,b € F
such that @ < b and b < a. This means that b—a C Py and a — b C Py. Since Py N —Py = {0},
we obtain that b — a = a — b = {0}. This implies that a = b, so the relation < is antisymmetric.
Take now a,b,c € F such that a <band b < c¢. Then b—a C Py and ¢ — b C Py and since P, is an
additively closed set, we obtain that c—a Cc—b+4+b—a C Py, so a < c¢. This proves that < is

transitive.
Definition 4.2.4. Let (F, P) be a real hyperfield. We define the following relation on F"
a~b:saLbAb£La
S b—a)NPy#DA(a—Db)N Py #0.

The relation ~ is called the incomparability relation with respect to P and if a ~ b, then we say that

a and b are incomparable with respect to P.
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Let F be a real hyperfield. Note that for every a,b € F either a < b or b < a or a ~ b.

Example 4.2.5. The elements [1](g-+)2, [2](g+)> € Qg+)> described in Example are incompara-
ble, i.e., [1](@*)2 ~ [2](@*)2.

Lemma 4.2.6. Let (K, P) be a real field and (Kr,Pr) a real factor hyperfield as described in
Theorem . Then [c|r ~ [1]1 if and only if there are s1,s2 € T such that s1 <p ¢ <p so, where

<p is the order relation associated with Py.

Proof. Assume that [c]r ~ [1]r. This is equivalent to the existence of s1,s2 € T such that
[c = si]r € ([elr — [1]7) N Py and [s2 — c]r € ([1]r — [¢]r) N Po. The latter is equivalent to

c— 81,859 —c€ Py, ie., s1 <pc<p ss. O

Proposition 4.2.7. Let (F, P) be a real hyperfield. An incomparability relation ~ on F is an

equivalence relation.

Proof. Take a € F. Then 0 € a —a and 0 € Py N —PFy, so a ~ a. Hence the relation ~ is reflexive.
Symmetry of the relation ~ is clear. To prove transitivity, take a,b,c € F and assume that a ~ b
and b ~ c¢. This means that there exist z,y € Py such that x € b —a and y € ¢ —b. Using the
reversibility axiom we obtain that b € x + a and hence y € c—x —a. So (x +y) N (c—a) # 0. Since
x +y C P, we conclude that (¢ — a) N Py # 0. On the other hand, there exist z,t € Py such that
z€a—>bandteb—c Again by the reversibility axiom, we have that b€ a —zandt €a — z — c.
Hence (t+ z) N (a —c¢) # 0 and (a — ¢) N Py # @. This shows that a ~ c. O

Lemma 4.2.8. Let (F, P) be a real hyperfield. The incomparability relation ~ has the following

properties:
(a) If b € P and a € — Py, then a < b. In particular, a = b.
(b) a~0 if and only if a = 0.
(c) If a ~ b, then —a ~ —b.
(d) If a ~ b then ca ~ ¢b for every c € F.
(e) Ifa~banda<c, thenb<c. Ifa~bandd < a, then d < b,

Proof. (a) If a € —P, then —a € P and since P is additively closed, we obtain that b —a C P. If
a =0, then b — 0= {b} C P. In both cases, a < b. Since (a —b) N Py = (), we have a ~ b.

(b) From reflexivity of the relation ~ we know that a ~ a for every a € F'. In particular, 0 ~ 0.
Conversely, assume that a ~ 0. Then {a} = a -0 C Py and {—a} = 0—a C F,. Since
Py N —Py = {0}, we have that a = 0.
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(c) Take a,b € F such that a ~ b. Since (a —b)N Py #0, (—=b— (—a)) N Py # 0. Similarly, since
(b—a)NPy#0, (—a—(=b))N Py #0. Hence —a ~ —b.

(d) Assume that a ~ b. If a or b is equal to 0, then from part (b) we know that a = b = 0 and
the statement is clearly true. Assume now that both a and b are nonzero. We know that
(a—b)NPy#Pand (b—a)NPy#0. Iffc=0, then cb—ca=0—0={0} =0—0=ca — cb,
so (ca —cb) N Py # () and (¢b — ca) N Py # 0. If ¢ € P, then

0 # c(a—b)NePy C (ca— cb) N Py,
0 #cb—a)NePy C (cb—ca)N Py.

If ce —P, then —c € P and

0 # (—c)la—b)N(—c)Py = (cb—ca)N(—c)Py C (cb— ca) N Py,
0 # (—c)(b—a)N(=c)Py = (ca—cb)N(—c)Py C (ca — cb) N Fy.
Hence, ca ~ cb.

(e) Assume that a ~ b and a < ¢. Suppose that b £ ¢. Then either b ~ ¢ or ¢ < b. If b ~ ¢, then
from transitivity of the incomparability relation, we have that a ~ c¢. This is a contradiction.
Hence, ¢ < b. But from transitivity of < we conclude that a < b, which also is a contradiction.
So b < ¢. The proof of the second part of the statement is analogous.

O

Proposition 4.2.9. Let (F, P) be a finite real hyperfield. Then 1 ~ a for every a € P.

Proof. Take a € P. Then by Lemma[2.1.4] there exists x € P such that a € 14+ x. By the reversibility
axiom we have that € a — 1, so (a — 1) N Py # 0. On the other hand, again by the same lemma,
there exists y € P such that a=! € 1 4+ y. Multiplying by a and using the reversibility axiom, we
obtain ya € 1 —a. Since ya € P, we have that (1—a)N Py # 0, so 1 ~ a. This finishes the proof. [

Lemma 4.2.10. Consider the real hyperfield (F, P) and let w be the natural valuation associated

with P. If two elements a,b € F' are incomparable, i.e. a ~ b, then w(a) = w(b).

Proof. If a = b, then w(a) = w(b). Hence, we assume that a # b. From Lemma [£.2.8] (b) we have
that in that case a,b # 0 and from Lemmam (a) we conclude that either a,b € P or a,b € —P.
From Lemma m (¢) we know that if @ ~ b, then also —a ~ —b. Hence, we can assume that
a,b € P. From Proposition [£.1.7] (d) we have that (b—a) NP # 0 and (b+ a) N P # § implies
w(a) > w(b). On the other hand, by Proposition [£.1.7 (d), (a —b) NP # @ and (a+b)NP # 0
implies w(a) < w(b). Hence w(a) = w(b). O
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Let (F, P) be a real hyperfield. The antichain in F are the equivalence classes of the incom-
parability relation on F. We will denote as A, the antichain which contains the element a € F.
Hence, b € A, if and only if a ~ b, which is also equivalent to A, = Ap. Observe that a hyperfield is
linearly ordered if and only if each antichain contains only one element.

Consider a family of antichains
YTp:={A,|a€ P}

on F. We introduce the operation on T p as follows:
Aa e} Ab = Aab

and the following relation on Y p:
A, < Ap & a<b.

Proposition 4.2.11. The operation o and the relation < are well-defined, and the tuple (Y p,o, A1, <)

is an ordered abelian group.

Proof. First we will show that the operation o is well-defined. Take a;,as,b1,by € P and assume
that a; ~ as and by ~ by. Then a1b; ~ asb; ~ azby, where we used Lemmam (d). Hence,

Aal ° Abl = Aalbl = Aa2b2 = A¢12 © Abz’

so the operation is well-defined. Now we will show that (Yp, o0, A1) is an abelian group. Associativity
and commutativity of the operation o follows from the same laws of multiplication in F. Take
A, € Tp. Then

Aj0A1 =A, 1 =As=A1.,=A10A,,

so A; is the identity element. Observe that
AgoA,1 =A, a1 =A1 =A,1.,=As-10A,.

Since a € P implies a~! € P, we obtain that A,—1 € Tp is the inverse element for 4,. Hence
T p is an abelian group.

Now we will show that the relation < is a linear order relation on I'. First we will show that
this relation is well-defined. Let A,, = A,, and Ay, = Ap,. This means that a; ~ az and by ~ bs.
Assume that a; < by. Using Lemmam (e) twice, we obtain that ag < be, which means that < is
well-defined. The relation < is irreflexive, antisymmetric and transitive, because the same is true for
<. It is also compatible with the operation o, since < is compatible with multiplication by positive
elements. It is left to show that < is linear. Take A,, Ay, € Tp. Assume that A, £ Ay and Ay £ A,.
Then a £ b and b £ a, which means that a ~ b. So A, = Ap. This finishes the proof. O
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Remark 4.2.12. Let F be a real hyperfield and take a € P. Then A, C P. Indeed, take b € A,.
Then a ~ b. If b € —P,, then we obtain a contradiction to Lemma[£.2.8] (a). Thus, b € P. Hence,
the family of antichains Y p is a group of antichains with positive elements.

In fact, we can introduce a linear order relation on the family of all antichains on a hyperfield F’

in the same way as it was done on Y p:
Ay <= Ap & a<b.

Hence, a real hyperfield is the union over a chain of antichains. Since we have proved that Yp
is an ordered abelian group, we conclude that the length of the chain of antichains in F' is either
equal to 3 or it is infinite. This is because the ordered group is either trivial or infinite. In the case
of the length equal to 3, we obtain a chain of the form A_; < Ay < A;. Moreover, A; = P and
A_1 = —P. We will call this type of a chain of antichains a short chain of antichains. Note that a

real hyperfield is linearly ordered if and only if every antichain has only one element.

Example 4.2.13. Consider the sign hyperfield S = {—1,0,1}. It admits a unique positive cone
Ps = {1}. This hyperfield is linearly ordered with —1 < 0 < 1. Hence, the chain of antichains is a

short one and each antichain contains only one element.

Example 4.2.14. Every finite real hyperfield is the union of a short chain of antichains. This
follows from Proposition [£.2.9]

Example 4.2.15 (|20]). Consider the factor hyperfield /' = Qg+)> from Example where
Pig+y2 = {[a)(g+)2 | @ € QT} is its unique positive cone. In this hyperfield any two positive elements

are incomparable, as well as any two negative elements, so the chain of antichains is a short one.

Example 4.2.16. Consider the hyperfield of pairs ' := Rp+ (g from Example @ It admits a
unique positive cone Pg+ () = {(s,7) | s = 1,7 € I'}. This hyperfield is linearly ordered, so every

antichain contains a single element. The chain of antichains is the following:
wRACL oy R R A ) R R ACy X R A< =A< <Ay < <Ay <
where v > 0.

The sign hyperfield and the hyperfield of pairs are stringent hyperfields. The following proposition

gives the general result about the order relation in such hyperfields.

Proposition 4.2.17 (Proposition 10, [20], Proposition 3.20, [36]). If F' is a real stringent hyperfield,

then F' is linearly ordered.

Proof. Take two distinct elements a,b € F'. Then a — b = {c¢} for some ¢ € F*. If ¢c € P, then b < a.
If c € — P, then a < b. Hence F is linearly ordered. O
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Example 4.2.18. Let (K, <) be an ordered field. Consider the field K ((X)) of formal power series

of one variable. Every nonzero element f € K((X)) can be written in the following form

f= ibiXi,bn £0.

1=n

The field K((X)) is real and the set
P ={f e K(X))|bn>0}
is a positive cone. The natural valuation associated with P is the following:
v: K(X)) = ZU{c}
0 — o0,

f—=n.

For k € N+ consider the subgroup
T, ={f € K((X)) | n€kZ,b, >0}

and the factor hyperfield Fy, := K((X))r,. Since T C P, we know from Theorem that F,
is real and Pp, = {[f]r, | f € P} is a positive cone in Fj,. We are going to show that Fj, is the
union of a short chain of antichains and each nonzero antichain has k elements. Take f,g € P.
Note that [f]7, = [g]r, if and only if v(g) € kZ, ie., v(f) =v(g) (mod k). We will show that if
v(f) £ v(g) (mod k), then [f]r, ~ [9]r,. Assume that v(f) Z v(g) (mod k) and v(f) < v(g). Since
v is compatible with P, we have that f — g € P, so [f — gz, € ([fl1, — l9]T,) N Pr,. Take l € Z
such that v(f) 4+ k-1 > v(g). Since v is surjective, we can find ¢y € T} with v(tg) = k- I. Hence
v(f-to) =v(f)+k-1>wv(g),sog— fto € P. This means that [g — fto|r, € ([9]1, — [fl1.) N Pr,-
This proves that [f]r, ~ [g]z,, so all the elements from Pr, are in the same antichain. Similarly we
can prove the same result for f,g € —P. This finishes the proof that this factor hyperfield is the
union of a short chain of antichains. Moreover, since for f,g € P we have that [f]r, # [g]z, if and

only if v(f) # v(g) (mod k), we obtain that each nonzero antichain contains exactly & elements.

Example 4.2.19. Consider the field of iterated formal power series in two variables and real
coefficients R((X))((Y)). Every nonzero element f € R((X))((Y)) can be written in the following

form
f = Z(Z binj)Yiv bnfmnf #O
i=ny j=m;
The field R((X))((Y)) is real with positive cone
P =A{f e R(XN(Y)) [ bngm,, >0}
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The valuation
v:RU(X)((Y)) =Z xZU{c},

0 oo,

f — (nfamnf)7

where Z X Z is ordered lexicographically, is called the canonical valuation of the power series field
R((X))((Y)) (see Section 4.2.3 in [25]).

We wish to show that v coincides with the natural valuation associated with P, i.e., that
O, = A(P). Let us compute the valuation ring A(P) = {f € R((X))((Y)) | 3pen p=£ f € P}. Take
f eR((X))((Y)) and assume that f € P. Then p+ f € P for every p € N. Now we set ¢ = p— f and
consider several cases. If ny < 0orny =0 and My, <0, then bngmng = —bnfmnf <0,s0p—f € —P.
If ng > 0orny =0 and m,, >0, thenbngmng =p>0,s0o0p—feP. Ifny=0andm,, =0,
then bnfmnf € R and there exists p € R such that p > bnfmnf. Then bngmng =p— bnfmnf > 0, so
p— f € P. We obtain that A(P) = {f € R(X))((Y)) | (ng,mn,) > (0,0)} = O,. This shows that
v is the natural valuation associated with P.

For k € N5, consider the factor hyperfield Fj, := R((X))((Y))r,, where

Ti = {f € R(X))((V)) | nj = 0,mo € KZ,bom, > 0}.

Then v(T;*) = {0} x kZ. Since T, C P, we know from Theorem that Fj is real and
Pr, =A{[flr, | f € P} is a positive cone in Fj,. We are going to show that this hyperfield is the
union of a chain of antichains in which each nonzero antichain has k elements and the group T p,,
of antichains with positive elements is isomorphic to Z.

Take f,g € P. Observe that [f]r, = [g]r, if and only if v(%) = (0,kz),z € Z. Let v(f) =
(ng,mn,) and v(g) = (ng, My, ). Then (ng,my,) = (0,kz) + (ng,m,,). Hence, [flr, = [g]r, if and
only if ny = ny and m,, = m,, (mod k).

Assume that ny < ng. Recall that [f]r, — [g]7, = {[f — gtlr, | t € T}}. Take any t € T}, and
consider the element f — gt € R((X))((Y)). Observe that

Fogt= (D> ayX)V = (> byX)Y'- ) (> X))y’

i=njy j=m; i=ng j=m; 1=0 j=(my),
— i(i aij X)) — i( i dij XYY" = i(i e XY,
i=nyf j=m; i=ng j=m;+(m¢), i=nyg j=m;

where

i J
dij =Y Y biCioij k-

l=ng k=m,
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aj if i <ng ori=mnygand j < my,, + (ms),
€ij =
aij —di ifi>ngori=mngand j > my,, + (my),.

Note that en;m, = an;m,, >0,s0 f—gt € P. Hence [flze — 97 = {If — 9tz | t € Tk} C Py,
so [fln, > gl

If ny = ng and m,, # my,(mod k) then [f]r, ~ [g]r,. Indeed, assume that n := ny =
Ng, Mp, Z My, (mod k) and my,, < m,,. Then v(f) < v(g). Since v is compatible with P, this
means that f—g € P. So [f—gl|r, € Pr, and [f—g]r, € [f]r, —[9]r,. Hence ([f]r, —[g]n,)NPr, # 0.
On the other hand, take [ € Z such that m,,, + k-1 > my, . Since v is surjective, there exists ¢y € Ty
with v(to) = (0,k - 1). Hence v(g) = (n,my,) < (n,my,) + (0,k-1) = v(fto). This implies that
l9 = ftolr, € Pr,.. Also [g— ftolr, € 9], — [flz,. so ({9l — [f]m.) N Pry, # 0. Hence [f]z, ~ [g]r, .

Take f € R((X))((Y)). Denote by p1 : Z x Z — Z the projection on the first coordinate, i.e.,
p1(v(f)) = ny and consider the following map:

p:Yp, =7
Ajpyy, = pr(v(f)) = ny.
We are going to show that y is a group isomorphism. Take [g]7, € Pr, such that A; flr, = A[g]Tk.
This holds if and only if [f]7, ~ [g]r,. The latter implies ny = n,. Hence, p is well-defined and

injective. We have that p(a) is the projection onto the first coordinate of v(a). Hence, since the

valuation v on the field R((X))((Y)) is surjective, also p is surjective. Finally, we compute

WA 17, © Alglr, ) = Alfl, [z, = p-g = 1f + g = pu([fln,) + pnllglz,),

where the third equality follows from axiom (V2) for v. Hence, u is a group isomorphism, so
T p,, =~ Z. Moreover, since if my, # my, (mod k), then [g]1, # [f]r,, there are exactly k elements
in any antichain with positive elements.

Similarly, we can show the same results for antichains with negative elements.

A Hahn series is a type of a formal power series, introduced by Hahn in [I7]. Let K be a field
and G an ordered abelian group. The field K [[t“]] of Hahn series in the indeterminate ¢ is the set of

f= Zcz‘ti,

ieG

formal expressions of the form

where ¢; € K and the support supp f := {i € G | ¢; # 0} is well-ordered. The addition works as

Z Citi + Z diti = Z(Ci + di)ti

follows:

i€G i€G i€G

and the multiplication:
Ser Y=Y Y e
i€G i€G i€G j+k=i
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Take 0 # f € K[[t¢]] and denote lc(f) := ¢; and It(f) := ¢;t*, where i := minsupp f. The field
K[[t%]] is a valued field (see Chapter 4 in [25]) with the valuation defined as follows:

v: K[[t%] = G U {cc}
0 — oo,
f — minsupp f.

Moreover, if K is an ordered field with a positive cone P, then K[[t%]] is also an ordered field and
it admits the positive cone P, := {f € K[[t%]] | le(f) € P}. Indeed, take f,g € P;. If minsupp f #
min supp g, then without loss of generality we can assume that minsupp f < minsupp g. In that
situation, le(f + g) = le(f) € P. If minsupp f = minsupp g, then le(f + g) = le(f) + 1c(g) € P,
because P + P C P. In both cases we obtain that f 4+ g € P;. Moreover, lc(f - g) =le(f) -le(g) € P,
so f-g € P, since P- P C P. The axioms P, N —P, = () and P, U —P; = K[[t%]] follow from the

same axioms for P. Hence P, is a positive cone in K[[t%]].

Example 4.2.20. Consider the Hahn series field in one variable K[[Y ¢]], where G is an ordered

abelian group (written additively) and K is an ordered field. Then for every element
f=> Y e K[[YY]
i€G
the support supp f = {i € G | ¢; # 0} is well-ordered. Let K = R((X)). We obtain the field
R((X))[[Y¥]]. Every nonzero element f € R((X))[[Y®]] can be written in the following form

F=Y0 bixh)y?,
i€G j=m;
where b, # 0 for n = minsupp f. The field R((X))[[Y“]] is real with positive cone

P ={f e RUXDIY] | bam, > 0}.

|
The canonical valuation of R((X))[[Y¢]] is
v R((X)[YY)] = G x ZU {0},
0 +— o0,

f = (nvmn)7

where Z x G is ordered lexicographically. As in Example [4.2.19] one can prove that it is equal
to the natural valuation associated with P. For k € N.; consider the factor hyperfield F}j :=
R((X))HYGHTM where

T = {f e RUX)[YE]] | n=0,mg € kZ, by, > 0}.
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Since T}, C P, we know from Theorem that Fy, is real and Pr, = {[f]n, | f € P} is a positive
cone in Fy. Similarly as in Example £:2.19 one can show that this hyperfield is the union of a chain
of antichains in which each nonzero antichain has k elements and the group Tp,, of antichains with

positive elements is isomorphic to G.

In the next subsection we are going to investigate how, in general, chains of antichains associated

with partial order relations look in real factor hyperfields.

4.2.1 Order relation in factor hyperfields

In this subsection we focus our attention on real factor hyperfields, in particular, on order relations
and chains of antichains.

Let (Kr, Pr) be a real factor hyperfield. From Lemma we know that elements of K
which belong to the same antichain have the same value with respect to the natural valuation
associated to Pr. We are going to show under which conditions on 7" the converse is also true. Let
us start with the following lemma.

Let K be a real field with positive cone P and let <p be the order relation associated with
Py = PU{0}. Assume that ay,...,a, € K such that a1 <p ... <p a,. Then we define

maxp{ay,...,an} = an.

Lemma 4.2.21. Let (K, P) be a real field with T C P and T is a multiplicative subgroup of K*.
Let (K7, Pr) be a real factor hyperfield. If [c]r € A(Pr)* N Pr, then there existst € T and n € N
such that ¢ — (nt)~',nt —c € P.

Proof. Take [¢|]r € A(Pr)* N Pr. Then, from Theorem [2.2.2) ¢ € P. From the definition of A(Pr)*,
there exist m, m’ € N such that

(Im + [C]T) n PT 7é @ and (Im/ + [Cil]T) N PT 75 Q)
Note that

Im—[C]T:{[tl—i-...—f—tm—c]T | tz ET,iE {1,,771}}
I — [l ={[s1+ ..+ 8m — |7 |85 €T, i€ {l,...,m'}}.

Hence there exist [t1+...4+t,, —c|r € Prand [s1+...+ 8 —c|]pr € Pr for some tq, ..., t,, 81, ..., Sy € T.
From Theorem [2.2.2| we obtain that

ti4..t+tm—cePand sy + ...+ 8y —c L eP.
Let t :== maxp{t1,...,tn, 1, ..., Sm/ + and n := max{m,m’}. We obtain

nt—cePandnt—c el
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Observe that ¢- (nt)~t € P,so c— (nt)™' = (nt —c7') - (c- (nt)~1) € P. We conclude that there
exist t € T and n € N such that nt —c € P and ¢ — (nt)~! € P. O

Proposition 4.2.22. Consider a real factor hyperfield Kp with a positive cone Pr. Let P be the
positive cone in the field K as described in Theorem[2.2.3. Then

T )¢_ 1 +I(P) = V[C]T € A(PT)X NPr: [C}T ~ [I]T

Proof. Take [c]r € A(Pr)* N Pr. From Lemma there is ¢ € T and n € N such that
(nt)~! <p c<p nt.

Assume first that T ¢ A(P)*, so in particular T ¢ 1+ I(P). Then there is s € T such that
v(s) < 0, where v is the natural valuation on K associated with the positive cone P. Then s is
archimedean larger than n, because v(n) = 0, so in particular s >p n. Without loss of generality,
we can assume that s >p t. Indeed, if v(¢) > 0, then s is archimedean larger than ¢, so s >p t. If

v(t) < 0, then we can take s = ¢t. Hence, we obtain

s72<p(nt)"' <pec<pnt<p s’
Using Lemma [£.2.6] we conclude that [c]7 ~ [1]7.

Assume now that 7' C A(P)* and T ¢ 1+ I(P). Since T C A(P), we can consider the image
of T in the residue field K. The residue field K is archimedean ordered, which follows from the
classical theory of ordered fields (see e.g. Section 1.3 in [35]). We conclude that T # {1}. Hence
there is s € T such that § > 1, where <p is a linear order relation on K associated with the
positive cone P = {¢ | ¢ € P}. Let u := maxp{t,s}. Then u € T and u >% 1. Moreover, there

exists k € N such that u* >5 nt. We conclude

u—k <p (nt)—l Sﬁé Sﬁﬁ <p ﬁ,

sou™* <p ¢ <puF. Hence [c]7 ~ [1]r.

For the converse implication, assume that 7' C 1 4 I(P). Then [2]7r # [1]r and [1]7, [2]r €
A(Pr)* N Pr. Recall that 2]y — [1]r = {[2 —¢]r | t € T}. Take any 2 — ¢; with tog € 7. Then
2—tg=2—-t =2-1=1>50. Hence2—ty € P, so [2]r — [1]r C Pr. So 2|r >p, [1]r,
where <p, is the partial order relation on Kr associated with the positive cone Pr. In particular,
[2]7 = [1]r. O

Corollary 4.2.23. Let K1 be a real factor hyperfield with a positive cone Pr. Let P be the positive
cone in the field K as described in Theorem[2.2.2 Let w be the natural valuation associated with
Pr. Then T ¢ 1+ I(P) if and only if for all (a7, [blr € Pr such that (w([a]r) = w([b]r) we have

[alr ~ [b]T.
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Proof. Let [a]r, [blr € Pr be such that w([a]r) = w([b]7). Then w([ab=!]r) = 0, so [ab~!]|r €
A(Pr)* N Pr. Hence

lalr ~ Bz & [ab7'r ~ [l & T £ 1+ I(P),
where the first equivalence follows from Lemma (d) and the second from Proposition [4.2.22) O

Corollary 4.2.24. Let (K, P) be a real field and let T be a multiplicative subgroup in K* such that
T ¢ 1+ I(P). Consider the real factor hyperfield (Kr, Pr). Let w be a natural valuation associated
with Pr. Then

w(Kr) ~Tp,,

where Y p,. is the group of antichains with positive elements, desribed in Proposition|4.2.11] associated
with <pr-

Proof. Let T ¢ 1+ I(P) and consider the map

w:Yp, = w(Kj),

Ale)r = w([c]r),

where [c]7 € Pr. First we will show that y is well-defined. Take [c1]7, [co]7 € Pr such that Ap,y, =
Aley),- This means that [c1]7 ~ [co]7. From Lemma we have that w([c1]r) = w([ce]r). This
shows that p is well-defined. Now we will show that p is a bijection. Take [¢1]r, [c2]r € Pr such that
w([e1]r) = w([ez]r). From Corollarywe obtain that [c1]7 ~ [c2]r, 50 Al¢,), = A[e,),- Hence,
1 is injective. Now we will show that p is surjective. Take v € wKr. Since w is surjective, there

exists [c]r € K7 such that w([c]7) = ~. From Lemma [3.1.2) (b) we know that w([c]7) = w(—[d]r),

so we can assume that [c]r € Pr. Hence, pu(Aj,,) = 7. Finally, we compute

1(Afe)r © Alealr) = ALy )7 fea)7) = w([ea]r - [e2]r) = w(lea]r) + w([e2]r) = p(Afey)r) + 1(ALey)r)-
This completes the proof that the groups Y p, and w(K}.) are isomorphic. O

Example 4.2.25. Consider the hyperfield of pairs F' := Rg+(g) from Example It admits a
unique positive cone Pp+ ) = {(1,7) | v € T}, where T is the value group of the natural valuation

in R associated with its unique positive cone P = (R*)2. The natural valuation associated with
Pg+(p) is vg+(r) (see Example and Example [4.1.10)). Observe that ET(R) € 1+ I(P), so by

Corollary we have that Tp,_, ~ ~T.

Example 4.2.26. Consider the real factor hyperfield Fy, = R((X))((Y))r, from Example |4.2.19
with the positive cone Pp, = {[f]n, | f € P}, where P = {f € R((X))((Y)) | bngm,, > 0}. We
have seen that Tp, =~ Z. Observe that T} ¢ 1+ I(P). Hence, by Corollary we have that

Yp, ~ w(F}), which means that w(F}) ~ Z, where w is the natural valuation on F} associated
Ty, k k
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with Pr,. Recall that p; : Z X Z — Z is the projection on the first coordinate, i.e., pi(v(f)) = ny
for f € R((X))((Y)). We will show that the map

w: F, = Z U {0},
[flr, = p1(v(f)) = ny,

[O]Tk — 00

is the natural valuation associated with Pr,, so w(F}) = Z. Recall that v(f) = (ny,m,,), where v
is the natural valuation on R((X))((Y")) associated with the positive cone P. First we will to show
that w is well-defined. Take g € [f]r,. This means that there is t € T, such that g = f¢. Since

ny = 0, we obtain that

v(g) = v(ft) = v(f) +v(t) = (ng,mn,) + (0,mn,) = (ng, M, +mM0,).

Hence, w([g]T,) = w([f]z,).- We have that w is the projection onto the first coordinate of the value
of the representant of the equivalence class with respect to v. Hence, since v is surjective, also w is
surjective. Now we will prove that w is a valuation. Axiom (V1) from Definition follows from
the definition of w. Axiom (V2) follows from the same axiom for v. It is left to show that axiom
(V3) holds. Take [f]z, € [g]1, + [h]1,- Then f = g+ ht for some ¢ € T. Observe that

v(g + ht) > min{v(g),v(ht)} = min{(ng, mng)’ (h-t, mnh~t} = min{(ng, mng)v (nn, My, + mm)}a

where we used the axioms for the valuation v and the fact that n; = 0. Hence

w({f)n,) = w(lg + htln,) = ngpne = min{ng, np} = min{w((glz, ), w((hlz,)}-

It is left to show that O, = A(Pr,). Observe that [1]r, + [1]7, = {[1]1.}, so I, = {[1]n,} for
every n € N. Hence A(Pr,) = {[f]r. € Fx | Uz, £ [f]z.) N Pr, # 0}. Take [f]r, € Pr,. Then
1)1, + [flT. € Pr,. Now we will focus on the set [1]7, — [f]r, = {[t — flr. | t € Tx}. Fort € T,

consider the element

o oo oo oo 0o o0
E=F=) () ayX)Y' = > (D by XY = () ey XY
=0 j=(m); i=ny j=m, S —
where ao(mt)o,bnfmnf € P. Let us consider the following cases. If w([f]r,) <0, then ny < 0. In
this case n' = ng,m' = my,, and ¢y, = Crpma, = —bnfm”f € —P. Hence t — f € —P for every
teT,so ([1]r, — [fln,) N Pr, = 0. If w([f]r,) > 0, then ny > 0. In this case n’ = 0,m,, = (my),
and Cpim, = Co(my), = A0(m,), > 0- Hence t — f € P for every t € T, so ([1]r, — [f]r,) C Pr,. If
w([f]r,) = 0, then ny = 0. Since v is surjective, there exists to € T such that m;, > m,,,. Consider
the element tg — f. Then n’ =0,m’,,y = my,, so to — f € P. Hence ([1]1, — [f]T,) N Pr, # 0. We
conclude that O, = {[f]n, € Fr | w([f]1,) > 0} = A(Pr,). We have proved that w is the natural

valuation associated with Pr, and w(F}) = Z.
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Example 4.2.27. Consider the real factor hyperfield F}, = R((X))[[Y ¢]]z, from Example
with the positive cone Pr, = {[f]r, | f € P}, where P = {f € R(X)[[Y’]] | bum, > 0}. We
have seen that Yp, = G. Observe that Ty 1+ I(P). Hence, by Corollary we have that
Tp,, =~ w(Fy), which means that w(Fy) ~ G, where w is the natural valuation on Fj, associated
with Pr,. In fact one can show, proceeding similarly as in Example that the following map:

w:Fk%GU{oo}

[.ﬂTk = ny

[O]Tk — 00

is the natural valuation associated with Py, so w(F}) = G.

Remark 4.2.28. Counsider the field FF = R((X))((Y)) and the factor hyperfield Fj, = R((X))((Y))r,
form Example 4.2.26| Note that T, ¢ A(P)*. Hence, by Proposition |4.1.16| we obtain that

—_~— —

A(P) ¢ A(P). Indeed, we have computed that A(P) = {f | ny > 0,m,, > 0} and A(P) = {f |
ng > 0,m,, € Z}, so w is coarser on F' than v. We can observe a similar situation in the field

R((X)[[Y]] from Example

Now we will see an example of a real hyperfield with positive cone P where the group Yp of
antichains with positive elements is not isomorphic to the value group of the natural valuation

associated with P.

Example 4.2.29. Let R be an ordered field with a non-archimedean positive cone P. Let v be the

natural valuation associated with P. For v € vR consider the following subgroup in R:
T,=14+1(P) :={1+a]|v(a) >~}

Let F, := Ry, and consider the two elements [1]7. , [2]7, € F,. Let w be the natural valuation on
F., associated with Pr. . Since T, C 1+ I(P) we can proceed exactly in the same way as in the end
of the proof of Proposition to show that [1]r, » [2]z,. This means that Apy), # Ap),. . On
the other hand, [1]r, [2]7, € A(Pr)*, so w([l]7,) = 0= w([2]r,). Hence Yp, 2 w(EFY).

Corollary 4.2.30. Let F = Kg be a real factor hyperfield which is not a field, with an archimedean
positive cone Pr. Let <p, be the order relation associated with Pr. Then the chain of antichains

associated with <p, is a short chain.

Proof. Let F = K7 be areal factor hyperfield which is not a field, with an archimedean positive cone
Pr. Let w be the natural valuation associated with Pr. Then w(F*) = {0}. If T C 1 + I(P), from
Proposition (b) we have that A(P) = A/(\PS;) Since A(Pr) = F', we have that A/(}ST/) =K,
so A(P) = K and I(P) = {0}. Hence, T = {1}, so Kr is a field and this is a contradiction to
our assumption on F. Hence T'¢ 1+ I(P). Then by Corollary for [a]r, [b]r € Pr we have

84



w([a]r) = w([b]r) if and only if [a]7 ~ [b]T, so every two positive elements are incomparable. Hence
Ay, = Pr, so the chain of antichains is a short chain.
O

To finish this subsection, we will prove two main results about the structure of real factor
hyperfields Kp. We will see under which condition the positive cone Pr is archimedean and what
determines the number of elements in every nonzero antichain. In particular, we are going to see
which property the subgroup 7" needs to have to ensure that the partial order relation associated

with Pr is a linear order relation.

Definition 4.2.31. Let (5, <) be an ordered set and let 7' C S. The convex hull of 7" in S with
respect to < is the set
conv(T) ={x €S| Jser s<x <t}

Remark 4.2.32. It is well known that the convex hull of T" in S with respect to < is the intersection
of all convex subsets of S which contain the set T. Hence, it is the smallest convex set with respect

to inclusion which contains the subset T'.

Lemma 4.2.33. Let K be a real field with positive cone P. Let T C P be a multiplicative group
and let conv(T') be the convex hull of T in K. Consider the real factor hyperfield (K, Pr). Then

(a) conv(T) ={ce K | [c|]r ~ [1]r},

(b) conv(T) C A(Pr)* N P,

(¢c) if T ¢ 1+ I(P), then conv(T) = A(Pr)* NP,
(d) conv(T) is a multiplicative subgroup in P,
(e) T is a multiplicative subgroup in conv(T).

Proof. (a) By Lemma we know that [c]r ~ [1]r if and only if there are s,t € T such that
s <p ¢ <p t. The latter is equivalent to ¢ € conv(T).

(b) Take ¢ € conv(T). From the definition of conv(T) and the convexity of P we have that
[clr € Pr. By part (a), we know that [¢]r ~ [1]r, hence ([c]r—[1]7)NPr # 0 and ([1]r—[c¢]7)NPr # 0.
Since [1)7+[c]r C Pr, from Proposition[£.1.7](d) we have on the one hand that w([c]r) > w([1]7) =0
and on the other hand that w([c]r) < w([1]r) = 0, where w is the natural valuation associated with
Pyr. Hence, [¢|]r € A(Pr)*. Therefore, ¢ € Aﬁx NnPp.

(c) Assume that T ¢ 1+ I(P). Due to part (b), it is enough to show that A(Pr)* NP C conv(T).
Take ¢ € A(/lgéjX N P. Then [c]r € A(Pr)* N Pr. By PropositionMwe have that [¢]r ~ [1]7.
By part (a) we obtain that ¢ € conv(T).
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(d) Take z,y € conv(T). We are going to show that zy~! € conv(T). There exist s1, s2,t1,t2 € T
such that s; <p « <p t; and s2 <p y <p ta. Then t;l <p y ! <p 52_1. Suppose that
ry ! — tlsg_l € P. Observe that ¢; — x,sz_l —y~1eP, but

(h—a)(s3' =y )+ ey — sy ) =y —sy ) by e —t) ¢ P

This is a contradiction. Hence tlsgl —ay~t e PU{0},soxy~! <p tlsgl. Similarly we show that
sltgl <p zy~!. Since sltgl,tlsz_l € T, we obtain that xy~! € conv(T).

(e) This follows from the fact that T' C conv(T), the set T is a multiplicative subgroup in P and
conv(T) is a multiplicative subgroup in P by part (d). O

Proposition 4.2.34. Let (K, P) be a real field. Consider a multiplicative subgroup T'C P and the
real factor hyperfield F = K with the positive cone Pr. Then Pr is an archimedean positive cone

if and only if P is an archimedean positive cone in K or T is cofinal in K.

Proof. Assume first that Pr is archimedean in K. This means that A(Pr)* = Kr*, so A(Pr)* =
K*. T ¢ 14I(P), then by Lemma(c), conv(T) = P. Hence T is cofinal in K./I\fz C 1+1(P),
then in particular T C A(P)*. Hence by Proposition (b) we have A(P) = A(Pr). Since Pr
is archimedean, A(Pr) = Kr, so A(P) = Z{Fﬂ = K, which proves that P is archimedean in K.
For the converse, assume first that T is cofinal in K. Then conv(T) = P, so P = conv(T) C
A(Pr)* N P C P, where for the first inclusion we used Lemma (b). Hence A(/J;qjX NnP=P.
Since A(Pr)* is symmetric, we obtain Aﬁx = PU—P. Hence /F\P_T/) = K. This means that
A(Pr) = Kr, so Pr is archimedean. If P is archimedean, then A(P) = K. By Proposition
(a) we know that K = A(P) C ATF;L so A(Pr) = K. This implies that A(Pr) = Kr, so again Pr

is archimedean. O

Example 4.2.35. In Example the subgroup T}, is cofinal in K ((X)). The factor hyperfield
(Fy, Pr,) is archimedean, although the field (K((X)), P) is non-archimedean. Indeed, in (Fy, Pr,)
any two positive elements are incomparable. From Lemma we know that if two elements are
incomparable, their values with respect to the natural valuation w are equal. In particular each

positive element has the same value as the element 1, hence w(a) = w(1) = 0 for every a € P. Using
Lemma (b), we obtain that w(F}) = {0}, so A(Pp,) = Fy.

Proposition 4.2.36. Let (Kr, Pr) be a real factor hyperfield. Consider the chain of antichains
associated with the partial order relation <p,. The number of elements in the antichain A;,i # 0 is

equal to the order of the quotient group conv(T)/T.

Proof. From Lemma [4.2.33| (e) we know that T is a multiplicative subgroup of conv(T'), so we can
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consider the quotient group conv(7T')/T. Consider the map

w:conv(T)/T — Ay

T — [c]r.

We are going to show that p is a bijection. Take ¢ € conv(T") and consider ¢T' € conv(T)/T. First
we will show that p(cT') € Ay. From Lemma[4.2.33| (a) we know that [c]r ~ [1]7, so [c]r € A;. Now
we will show that p is well-defined and injective. Take ¢, o € conv(T') such that ¢;T = coT. This
holds if and only if c;co ™! € T. The latter is equivalent to [c1co ™t = [1]7, so [c1]7 = [ca]r. To see
that p is surjective, take [co]r € A1. Then p(coT) = [co)r, so p is indeed surjective. This shows
that p is a bijection. Hence, the number of elements in the antichain A; is equal to the order of the
quotient group conv(7T)/T. Every nonzero antichain A;,4 # 0 has the same number of elements, so
this finishes the proof. O

Corollary 4.2.37. Let (K, Pr) be a real factor hyperfield. The partial order relation in Kr is a

linear order relation if and only if T is a convex subgroup in K*.

Proof. Let Kt be a real factor hyperfield. The partial order relation in K is a linear order relation
if and only if every antichain A; in the chain of antichains associated with <p, contains exactly one
element. The latter is equivalent to |conv(T")/T| = 1 by Proposition [4.2.36] This holds if and only if

T = conv(T), i.e., T is a convex subgroup in K*. O

4.2.2 Compatibility and convexity

In the case of real fields a valuation v is said to be compatible with a positive cone P if the valuation
ring O, is convex with respect to the linear order relation < associated with P.

The strict partial order relation defined in associated to a positive cone allows us to consider
the notion of convexity in hyperfields. We are going to investigate the relation between valuations
compatible with positive cones in hyperfields (in the sense of Proposition and the convexity of
valuation hyperrings. Namely, we will prove that if a valuation v on a hyperfield is compatible with
a positive cone P in the sense of Proposition [I.1.7] then the valuation hyperring O, is convex with

respect to the order relation < associated with P, but the converse is not necessary true.

Lemma 4.2.38. Let I be a real hyperfield with positive cone P. Take a,b € F such that a < b. If
a € P, thenbe P and if b€ —P, thena € —P.

Proof. Let a < b. Then b —a C P. Assume first that a € P. Since P is additively closed, we have

b=b+0Cb+(a—a)=a+(b—a)CP.
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Now assume that b € —P, i.e., —b € P. Again, from the fact that P is additively closed,
—a=—-a+0C —a+(b-b=-b+(b—a)CP.
Hence a € —P. U

Lemma 4.2.39 (Lemma 5.10, [26]). Let v be a valuation on the real hyperfield F', compatible with a
positive cone P. Then O, is convex with respect to P, i.e., if a,b € O, and a < x < b, then xz € O,,.

Proof. Assume that a,b € O, and a < x < b. From the definition of the order relation, we have
b—zCPandx—aCP.

e If z € P, then b € P by Lemma[{:2:38] Thus b+2 C P. Since also b—z C P, from Proposition
(d), v(z) > v(b) >0, s0 x € O,.

e If x € —P, then a € —P by Lemma [£.2.38] Thus a +2 C —P, so —a —x C P. Since also
—a+x C P, from Proposition [f.1.7] (d), v(z) > v(—a) = v(a) > 0, s0 z € O,.

O

Definition 4.2.40. A valuation v on a field or a hyperfield is of rank 1 if its value group is

archimedean.

Proposition 4.2.41 (Proposition 5.11, [26]). Let v be a valuation on a real field K and let P be a
positive cone of K. Take T'= PN OJ and consider the factor hyperfield Kt with the valuation vy
induced by v and the positive cone Pr induced by P (see Theorem and Theorem . Then:

(a) The valuation v is compatible with P if and only if vr is compatible with Prp.

(b) If v is a rank 1 valuation which is not compatible with P, then any two elements in K which
are positive (with respect to Pr) are incomparable. In particular, O, is convexr with respect to

Pr, while vy is not compatible with Pr.

Proof. (a) Assume first that P is compatible with v. Then 1 + M, C P, which follows from
Proposition (c) and Example Take z € M,. Since T C P, we have that 1t; + xty =
t1(1 4 at] *ty) € P for every ty,t, € T. Hence, using Lemma

[l]T + [x]T = {[1151 + xtg]T | ti,to € T} C Pr.

Therefore, we obtain that Pr is compatible with v by Proposition m (c).
To prove the converse implication, assume that Pr is compatible with vr, i.e., [1]r + [z]r C Pr
for every x € M,,. In particular, [1 4+ z|r € Pr, so 1 + 2 € P, which shows that P is compatible

with v.
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(b) First observe that T = {z € K | v(z) = Oand z € P}. We are going to show that
conv(T) = P. By Lemma[£.2.33] (a), it is enough to show that [z]7 ~ [1]r for every z € P. Take
x € P. Ifv(z) =0, then z € T, so [z]r = [1]r. In particular, [z]p ~ [1]7.

Now consider the case of v(z) > 0. Let « —1 € P. Then [z — 1]p € ([z]r — [1]7) N (Pr)o. Since
v(z) > 0, we have that v(x +1) = min{v(z),0} =0,s0 x+1 € T. Hence [lj]r =[1-(1+z)—x-1]p €
(L) — [=]r) N (Pr)o, which means that [z]p ~ [1]7.

If 1 — 2 € P, then [1 — z|r € ([1]r — [z]r) N (Pr)o. Since v is not compatible with P, there
exists m € M, N P such that m — 1 € P. Because v is a rank 1 valuation, there is n € N such

n

that nv(m) > v(z). Hence v(™-) > 0 and thus v(1 + 2~) = min{0,v(”~)} = 0. What is more,

x

1+ ’”7" e P,sol+ an € T. We have shown before that also x + 1 € T. Moreover, since m > 1, we

have m”™ > 1 as well. Therefore,

n

[m" —1]p = [z-(1+ m?) —1-(z+Dlr € ([z]r — []r) N (Pr)o-

This shows that [z]r ~ [1]7.

From Lemma (d) we know that the incomparability relation is compatible with multiplication.
Hence, [z]7 ~ [1]7 if and only if [z7!]7 ~ [1]7. Therefore, the statement is true also for x € P such
that v(z) < 0.

We have shown that conv(T) = P, so T is cofinal in K. By Proposition We obtain that Pr
is an archimedean positive cone in Kr. From Corollary [£.2.30] the chain of antichains associated with
the positive cone Pr is a short chain, so every two positive elements are incomparable. Therefore,
the only case where [a|r < [z]r < [b]7 holds is when a € —P,2 = 0 and b € P. Clearly 0 € O,, so
the valuation hyperring O, is convex. However, by part (a), the valuation vp is not compatible with

Pr. This completes the proof. O

4.3 Real holomorphy hyperrings

The real holomorphy ring of a field K is an important concept in the thoery of ordered fields and
real algebraic geometry (for reference, see e.g. [43], [4], Chapter 9 in [28]). In this subsection we are

going to define a real holomorphy hyperring and prove that it is a Priifer hyperring.

Definition 4.3.1. Let F' be a real hyperfield and R(F') be the set of all real valuations of F'. The

set

Hol(F) := ﬂ O,

vER(F)

is called the real holomorphy hyperring of a hyperfield F'.

Since, by Lemma [3.1.7} O, is a strict subhyperring of F' for every valuation v, the set Hol(F) is
a strict subhyperring of F' by Lemma[T.3.3]
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By Proposition m (a) and Corollary [4.1.20| we have that a valuation v on F' is real if and only
if there exists a positive cone P € X (F) such that A(P) C O,. Hence we have

Hol(F) = () A(P).
PeX(K)

Remark 4.3.2. Observe that > a;?> C Hol(F) if and only if ay, ..., a, € Hol(F) by Lemma [4.1.21

Lemma 4.3.3. Let F' be a real hyperfield. Then
Hol(F)={ce F|({I,xc)N z:(F*)2 # () for some n € N}.

Proof. Write R :={c € F | (I, £¢) N Y (F*)? # () for some n € N}. By Corollary we have

that
S (F = () P
)

PeX(K
Observe that
HOI(F) = {C eF | Vpex(p) Jnen (In :|:C) NP # @}

and
R:{CGF | Jdren Vpex(p) (In:I:c)ﬂP;é@}

Hence we immediately have the inclusion R C Hol(F').
To prove the reverse inclusion we will use the fact, proven in Theorem [2.1.21} that X(F) is a
Boolean space with a subbasis given by the sets H(a) = {P € X(F) | a € P}. For n € N, write

Yo(c):={P € X(F) | (I, £ ¢) N P # 0}.

First we will show that

Yo)= |J H@n (J H@).

del,+c del,—c
Observe that P € (UJ;c; .. H(d) if and only if there exists d € I, + ¢ such that P € H(d). The
latter is equivalent to d € (I, + ¢) N P. Hence Q € {P € X(F) | (I, + ¢) N P # (i} if and only if
Q € Uger, 4o H(d). In other words, for n € N,

U H@)={PeX(F)|IT,+c)nP#0}
del,+c
Similarly one can show that
U H@)={Pecx(F)|I,—c)nP#0}
del,—c

for n € N. Moreover, Uy .. H(d) and U,e; . H(d) are open sets as the unions of open sets.
Hence Y, (¢) = Uger, 1 H(d) NUger, —. H(d) and Y, (c) is open as the intersection of two open
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sets. Take now P € Y,,(¢). This means that there exist dy,ds € F such that dy € (I, + ¢) N P and
dy€ (In—c)NP. Then1+dy C1+1I,4+c=1I,y1+cand 1+d; C P,so (Iny1+c)NP #0. Also
1+dyC1+1,—c=1I,41+cand 1+dy C P,so ([,y1 —c)NP #(. Hence P € Y,,11(c), so the
sets Y,,(c) are ordered by inclusion, i.e., Y, (¢) C Y,,4+1(c) for every n € N.

Take ¢ € Hol(F). Then for every P € X(F) there exists n € N such that (I, £c¢) NP # (.
Hence |J,,cy Yn(c) is a cover of X'(F'). Since X'(F') is compact, there is a finite subcover, i.e., there
is ng € N such that Y;,,(c) = X(F). This proves that Hol(F') C R. O

Lemma 4.3.4. Let F be a real hyperfield, Hol(F') the holomorphy hyperring of F and x,u; € F,
i€ {l,...,n}. Then:

(a) {z71 |2z €1+ > u;?} CHol(F);
(b) {u;z=t | x €1+ > u;2} C Hol(F);
(c) F is a hyperfield of fractions of Hol(F).

Proof. Take x € 14+ Y u;%. Let v be any real valuation in F. We put v(u;) = min{v(uy), ..., v(un)}
for some j € {1,...,n}. By Remark we obtain

v(z) = min{v(1),v(u}),...,v(u2)} = 2 - min{0, v(uy), ..., v(u,) } = 2 - min{0, v(u;)}.
(a) We consider two cases:
— if v(u;) > 0, then v(z) = 0. Hence v(z™1) =0, s0o 27! € O,,
— if v(u;) <0, then v(z) =2 - v(uj) < 0. Hence v(z~!) > 0, s0 27! € O,.
In both cases 7! € O,. This is true for every real valuation v, so x~! € Hol(F).
(b) We consider two cases:

— if v(uj) > 0, then v(z) = 0, so v(z~') = 0. Hence v(w;z™') = v(w;) + v(z™!) = v(u;) >
v(u;) >0, so wx~t € O,.

— if v(u;) < 0, then v(x) = 2v(u;) < 0. So v(z™!) = —2v(u;) > 0. Hence v(u;z™"') =
v(w;) + (™) > v(uj) — 20(uj) = —v(u;) >0, so u;z=t € O,.

In both cases u;z~! € O, for every real valuation v of F, so u;z~! € Hol(F).

¢) Choose an element a € F. Take any t € 1 + a2 C F*. Then a = ¢ = %" by Lemma [1.3.30
(c) y 1 t y
(a) and Lemma [1.3.26{and at~!,¢+=! € Hol(F) by part (a) and (b).

O

Theorem 4.3.5. The real holomorphy hyperring Hol(F') of a real hyperfield F is a Priifer hyperring.
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Proof. Write R = Hol(F') and let p be any prime hyperideal in R. We are going to show that R, is a
valuation hyperring. Let us start with showing that for every a € F* we have a® € R, or a=2 € R,,.
For y € F' let us write

S, ={r"teF|rel+y?}.
From Lemmam (a) and Lemma (a) we have Sy, C R C R, for every y € F.

Suppose that there exists a € F* such that a® ¢ Ry, and a=2 ¢ R,. If there exists z € (1+a?)NR,,
then from the reversibility axiom and from the fact that R, is additively closed, we have a* € z—1 C
Ry, which is a contradiction. Hence (1 + a?) N R, = 0. Similarly, we obtain (1 +a 2)N R, = 0.
From what we have just shown, we have that if z € S, C Ry, then 27! ¢ R,,. So from Lemma

S. C Ry \ RS = Mg, .
Similarly, S,-1 € MEg,. Observe that
l+a?=d’a?+a?=a?(1+d%.
Hence S,-1 = a®S,. We have
1€ (140a%)8 € Sy +a°Sa = Sa+ Su-1 € Mp,,

where for the first inclusion we used Lemma [T.2.3] We obtain a contradiction, so for every a € F*
we have a? € R, or a2 € R,,.

Now we are going to show that if a® € Ry, then a € R, for every a € F'. Take a’ € Ry,. Then
1+a%C R, because R, is additively closed. Moreover, we have already observed that S, C R,, so
1+a?C Rg. We have that aS, € R C Ry, where the first inclusion follows from Lemmam (b)
and the second inclusion from Lemma[[.3.30] (a). Take € S,. Then

a=az- -z ' €aS,  (1+a®) CR,.

Similarly we show that if a2 € R, then a™! € R,. Since also 0 € Ry, we conclude that for every
a € F we have a € R, or a™! € Ry, so R, is a valuation hyperring. This means that Hol(F) is a
Priifer hyperring. O

4.4 Real places in hyperfields
Let K, L be fields and co a formal symbol. We extend operations on L into L U {co} by setting
1
, , —=0, ztoo=ocforzel, xz-o00=oc0for0=#x¢€lL.
0 00
0 o0
RS

with values in L is usually defined as follows:

The expressions: oo + 00,0 - 00 are not defined. In the classical theory, a place on a field K
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Definition 4.4.1 (Definition 2.8.1, [22]). The map A : K — L U {oo} is called a place on K with
values in L if

AL =1, Mz+y)=Az)+Ay), Mz y)=A=) Ay)
for all z,y € K whenever the right-hand sides are defined.

If L is real, then the place A is called a real place, and if L = R, then ) is called an R-place.
Since in hyperfield theory it is difficult to speak about the analogues of real numbers, we define a
real place of a hyperfield to be a pair of a real valuation hyperring and a positive cone in the residue
hyperfield. In case the hyperfield is a field, this definition is equivalent to the one given above (see
Proposition 3.1 in [13]) .

Definition 4.4.2. Let F' be a real hyperfield. Let O be a valuation hyperring on F' such that its
residue hyperfield F := O/M is real and admits an archimedean positive cone P. Then the pair
(O, P) is called a real place. We denote by M (F') the set of all real places on F.

Proposition 4.4.3. Let F be a real hyperfield. Consider the map

Ap : X(F) — M(F)
P~ (A(P),P),

where P = PN A(P)* is a positive cone in the residue hyperfield A(P)/I(P) induced by P. Then

AR 1S surjective.

Proof. Take (0,Q) € M(F). Then, by Proposition there exists a valuation v such that
O = O,. Moreover, v is real, because its residue hyperfield F,, = O, /M, admits a positve cone Q.
By Proposition there exists a positive cone P € X (F) compatible with v such that P = Q.
Hence Q@ = PN O.. Since @ is an archimedean positive cone, from Lemmawe have that v is
the natural valuation associated with P. Hence (O, Q) = (A(P), P) = Ap(P). O

Since Ap is surjective, we can endow M (F) with the quotient topology induced by X (F), i.e.,
for the open sets in M (K) we take such U € M(K) that Az'(U) is open in X(F). Hence A is
continuous. The image of a compact topological space under a continuous map is compact (see e.g.
Theorem 7.8 in [21]). Hence M (F') is compact.

Lemma 4.4.4. Let F be a real hyperfield. The set U(a) := {(A(P),P) € M(K) |a € P} fora€ F
is open in M(F). Moreover, for every a € F, the sets U(a) and U(—a) are disjoint.

Proof. First recall that

APY* ={a€F|(I,, £a)NP #0 and (I, £a ') N P # § for some ni,ny € N}.
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If (I, £a) NP # 0, then also (I,41 + a) N P # (). Hence, for n = max{n;,ny} we have
AP ={a€F|(I,+a)NP#0and (I, £a')N P # 0}.
Assume that a € P. Then I,, +a C P and I, +a~ ' C P for every n € N. So we can write
PNnAP)*={acP|(I,—a)NP#and (I, —a )N P # () for some n € N}.

Recall that the sets H(a) = {P € X(F) | a € P} form a subbasis of the topological space X (F) (see
Theorem [2.1.21)). Consider the preimage of the set U(a) under Ap:

AN (Ua) ={PeX(F)|acP}={PcX(F)|acP n AP)*}
=Han|J( Y H@n |J H@).

neN del,—a del,,—a=1

The second and the third equalities require more explanation. For the second equality we use
Proposition (b) and the fact that if @ =b and a € P N A(P)*, then b€ P N A(P)*, which
is a part of the proof of that proposition. One can prove the third equality in a similar way as it is
done in the proof of Lemma Since the sets H(a) form a subbasis of a topological space X (F),
they are open in X'(F). Hence A (U(a)) is open in X'(F) as a finite intersection of open sets. This
means that U(a) is open in the quotient topology on M (F').

Suppose that U(a) and U(—a) are not disjoint for some a € F, i.e., there exists (A(P),P) €
U(a)NU(—a). But then @ € P and —a € P, which is a contradiction. O

The space of real places on a field is a Hausdorft space (see e.g. Corollary 9.9 in [28]). The same

is true for the space of places on a hyperfield, which we will see in the next theorem.

Theorem 4.4.5. Let F' be a real hyperfield and consider the space M(F') of real places on F. The
space M(F) is a Hausdorff space.

Proof. Take (Oy, P), (02, Q) € M(F). From Proposition [3.1.11] there exist valuations v and w on F
such that O; = O, and O3 = O,,. From Propositionwe know that there are Py, P, € X(F') such
that v is the natural valuation associated with P; and w is the natural valuation associated with Ps,
ie., O, = A(P;) and Oy = A(P,). Also P = P; and Q = P5. Assume that (A(Py), Py) # (A(P,), ).
Then either A(Py) # A(P,) or A(Py) = A(P,), but P; # P5. In the latter case, there is a € F such
that @ € P; and —a € P,. Hence (A(Py), P1) € U(a) and (A(P2), P») € U(—a).

Consider now the case when A(P;) # A(P2). This means that there is a € F' such that a € A(P;)
and a ¢ A(P>). Without loss of generality, assume that a € P;. Consider the set 1+ a and take any
x € F such that 271 € 1 + a. Since v(a) > 0, we obtain that v(z) = 0. Since w(a) < 0, we have
that w(x) > 0. Hence, z € A(P)* and x € I(P,).

94



Since x ¢ I(P;), there is n € N such that (1 —1I,-2)N—P; # (. Takey € (1 -1, -z) N —Fy.
Then v(y) > 0 by axiom (V3) from Definition and Corollary [1.1.14] Moreover, w(y) = 0 by
Lemma [3.1.2] (d) and Corollary £.1.14] Once again we consider two cases: v(y) =0 or v(y) > 0.

Let v(y) = 0. Then y € A(P;)*. Moreover, y € —P;, so j € —P;. Since w(y) = 0, we have
y € A(P2)*. Because = € I(P,), we obtain that I, - C I(P2). Then

yel—1I,-2C1+1(P) C Py,

where for the last inclusion we used the fact that w is compatible with P, and Proposition[4.1.7] (c). So
y € P, which implies that 7 € P,. We conclude that (A(Py), P1) € U(—y) and (A(P2), P3) € U(y).
Let now v(y) > 0. Then v(¢t) =0 and w(t) = 0 for every t € y — . Hence t € A(P1)* NA(P)*.
Observe that
tey—axCl—I,-xa—x=1—1I,11 -2 C1+I(P)CPs.

The last inclusion follows from the fact that w is compatible with P, and from Proposition (c).
Note that « € P, because we have choosen ' € 14+a C P;. Hence, y—x C —P,, sot € —P.
Finally, we conclude that (A(P1), Py) € U(—t) and (A(P), P2) € U(t).

In every case, we obtained that there are sets U(c), U(—c) with ¢ € {a,y,t} C A(P1)* N A(P2)*

which separate two different elements from M (F'). These sets are open and disjoint by Lemma

E14 O
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Streszczenie rozprawy doktorskiej

Hiperciata sg uogdlnieniem ciat, w ktérych dodawanie jest wielowartosciowe, a mnozenie
jednowartosciowe. Zostaty wprowadzone przez Krasnera w 1956 roku. W 2006 roku Marshall
wprowadzit pojecie hiperciata rzeczywistego. Méwimy, ze hiperciato jest rzeczywiste, jesli ma co
najmniej jeden porzadek. W niniejszej rozprawie rozwijamy teorie hiperciat rzeczywistych.
Wprowadzamy pojecie porzagdku zgodnego z waluacjg w hiperciatach i udowadniamy analog
twierdzenia Baera-Krulla dla hiperciat. Ponadto uogdlniamy kilka aspektdéw teorii hiperciat
rzeczywistych, pochodzacych z klasycznej teorii ciat uporzagdkowanych. Na przyktad, wprowadzamy
pojecie rzeczywistego hiperpierscienia holomorficznego i pokazujemy, ze jest to hiperpierscien
Prufera (ktéry réwniez definiujemy w tej rozprawie). Co wiecej, definiujemy punkty rzeczywiste na
hiperciele i pokazujemy, ze przestrzen topologiczna punktdéw rzeczywistych na hiperciele ma
wtasnosci analogiczne do tych z klasycznej teorii ciat uporzagdkowanych. Jednakze, niektére fakty
znane z klasycznej teorii ciat rzeczywistych nie mogg zosta¢ uogdlnione na teorie hiperciat. W
niniejszej rozprawie podajemy przyktady takich faktéw.

W 1983 roku Krasner przedstawit konstrukcje hiperciata, ktére jest ilorazem ciata przez
multiplikatywng podgrupe tego ciata. Takie hiperciata nazywamy hiperciatami faktoryzowanymi. W
niniejszej rozprawie badamy rzeczywiste hiperciata faktoryzowane. Miedzy innymi, badamy relacje
ostrego, czesciowego porzadku zwigzanego z porzadkiem hiperciata. W szczegdlnosci skupiamy sie
na elementach, ktére nie sg porownywalne. Pokazujemy, ze kazde rzeczywiste hiperciato
faktoryzowane jest sumg mnogosciowg tancucha antytannicuchdw i okreslamy liczbe elementéw w
kazdym antyfanicuchu. Ponadto pokazujemy zwigzek miedzy porzadkami w ciele i porzadkami
rzeczywistego hiperciata faktoryzowanego, powstatego z tego ciata.

stowa kluczowe w jezyku polskim (odpowiedniki stéw kluczowych w jezyku angielskim).
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Summary of the dissertation

Hyperfields are a generalization of fields in which addition is multivalued and multiplication is
single-valued. They were introduced by Krasner in 1956. In 2006 Marshall introduced the concept
of a real hyperfield. We say that a hyperfield is real if it admits at least one positive cone. In this
thesis, we develop the theory of real hyperfields. We introduce the notion of a positive cone
compatible with a valuation in hyperfields and prove an analogue of the Baer-Krull theorem for
hyperfields. In addition, we generalize several aspects of the theory of real hyperfields from the
classical theory of ordered fields. For example, we introduce the notion of a real holomorphy
hyperring and show that it is a Prufer hyperring (which we also define in this thesis). Moreover, we
define real places on hyperfields and show that the topological space of real places on hyperfields
has properties analogous to those of the classical theory of ordered fields. However, some facts
from the classical theory of real fields cannot be generalized to the theory of hyperfields. In this
thesis, we give examples of such facts.

In 1983, Krasner presented the construction of a hyperfield, which is the quotient of a field by a
multiplicative subgroup of that field. We call these hyperfields factor hyperfields. In this thesis, we
study real factor hyperfields. For instance, we study the relation of a strict partial order associated
with the positive cone of a hyperfield. In particular, we focus on elements that are not comparable.
We show that each real factor hyperfield is a union of a chain of antichains and we determine the
number of elements in each antichain. In addition, we show the relation between the positive cones
in a field and the positive cones of a real factor hyperfield arising from that field.
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